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ABSTRACT:- A biorthogonal wavelet packets associated with nonuniform multiresoltion analysis
(NUMRA) was introduced by Firdous shah, In this paper we generalize and define the biorthogonal
nonuniform multiwavelet packets associated by nonuniform multiresolution analysis with multiplicity D
(NUMRA-D). Further from the meaning of Fourier transform we study their characteristics.
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l. INTRODUCTION

In [9,10] Gabardo and Nashed considered a generalization of Mallat’s[16] theory of MRA based on
spectral pairs where the translation set is of the form {0,r/N} + 2Z, where N > 1 is an integer, 1 <r < 2N —
1, r is an odd integer and r, N are relatively prime, which is called NUMRA. In [14] we provided the necessary
and sufficient condition for the existence of NUMRAMW multiplicity D. G.Gripenberg and X. Wang gave the
characterization theorem for dyadic orthonormal wavelet in L?(R) Wavelet packets constructed by coifman [15]
it was gave rise to a large class of orthonormal bases of L?(R) into direct sum of its closed subspaces Wavelet
packets. Behera[2,3] has constructed nonuniform wavelet packets associated with NUMRA. In [1] we
constructed multiwavelet packets associated with nonuniform multiresolution analysis with multiplicity D
(NUMRA-D). Firdous [8] introduce the notion of biorthogonal wavelet packets associated with nonuniform
multiresolution analysis. Our result extends the biorthogonal wavelet packets of Firdous shah into NUMRA-D
in has constructed nonuniform wavelet packets associated with NUMRA.

1. BASIC DEFINITIONS AND NOTATION
We will state some important preliminaries and notation in this section that we are need it in the recent
paper. First we recall the definition of NUMRA — D as defined in [14], some of its properties and the associate
multiwavelet packets [1-3, 8, 14] as follows:

Definition 2.1. A nonuniform multiresolution analysis with multiplicity D for dilation 8 = 2Na and translation
A, is a collection {V;}; ¢z of closed subspaces of L?(R) satisfying the following axioms:
PV, cViyy, forallj € Z,
(P2)f() €V, if and onlyif f(6 -) € V44, forallj €Z,
(P3) NjezV; = {0},
(P4) U; ¢z Vj is dense in L*(R), and
(P5) There exist functions @', ¢?,...,9" €V, called the scaling functions, such that the collection {¢%(-
—A1): A€ A 1< d< D}isacomplete orthonormal basis for V.
In the axiom (P5), the set of scaling functions ® = {¢', ?,...,¢"} is called multiscaling function of
multiplicity D. When N > 1, the dilation factor of 8 ensures that 6A c 2Z c A.
In the theory of multresolution analysis, another sequence {W}};¢; of closed subspaces of L*(R) is defined by
W, =V41 ©V, j€Zand © denotes the orthogonal complement of V; in V., for an NUMRA — D {V;};¢z
with dilation factor 6. These subspaces hold the scaling property of {V;};¢z, and we have :

L*(R) = Bz W, = Vo ®(B;xW)) 1
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A set of functions {y': 1< < (6 — 1)D}:=V¥ in L*(R) is said to be a nonuniform multiwavelet
associated with the NUMRA — D {V;};¢z if the collection {!(- —2): 1 < | < (6 —1)D, 1€ A} forms an
orthonormal basis for W,. We call ¥ to be an NUMRA — D multiwavelet. In view of properties of W , the
collection
029l - -1):jeZ1<1l < (O-1)D, 1A€A}
forms an orthonormal basis for L?(R) if ¥ is a nonuniform multiwavelet.
Below we mention a result obtained in [14] that will be used in sequel.

Theorem 2.2. Suppose {V;};¢z is an NUMRA — D with dilation 6 and translation A. If there exist L functions
Y*,1 < k < L, inV; such that the family of functions

={p?C -1, YPKC -1 <d<D;1<k<L;AeN}

forms an orthonormal system for the generating subspace Vi, then; L = (6 — 1)D is a necessary and sufficient
condition such that the above system is complete in V.

Proposition 2.3. Suppose {V}};ez is an NUMRA — D with dilation 6 and translation A. Then the space V;
consists precisely of the functions f € L*(R) whose Fourier transform can be written as

f69) = med © @', ae feR ©)
for locally L? functions mf dfor1<d < D together with
_2m
WA =m{* (@) + e N m (@), 3
where mfd and mg'd ,d=1,2,...,D,are locally 2, 1/2-periodic functions.

In the above proposition the space V; consist functions f € L?(R). Since (1/68)f(x/0) € V,, there exists a
2
sequence {a] = (/"' ,al”,...,a]"” }en satisfying 35, yealal?|” < oo such that
D

G => yd - b, *

d=1A€A
or, equivalently, by taking the Fourier transform of both sides of the previous equation, we obtained the result

(2.1) and (2.2), with

mfd(f) = Yiena ‘e 2, 5)
4 = Zam et and ml* () = ) alX,, e~tmin. ©)
meZ mezZ

We denote by ® and ¥ column vectors in C? and in C as ® = {¢I,...,9P} and ¥ = {1,..., 9L},

respectively. In particular, since ¢ (x) € V, < V;, from Proposition 2.3 there are locally L? functions mg'd , for

1<d,d’ <D, such that, for a.e.
D D

— ' ' ' _2m

P609) = Z mit @ et =) (mﬁf ©+e N migt (f)) O
d'=1

and ms ¢ = mg’j'd , in the matrix notation, this can be written as follows:

_ B(08) = My(©) BQ), fora.e. R,

with My (§) = (My1(€) + e 2™ /N My, (§))

, where the matrices M,; and M,, defined by

Moy :("ﬁf

: dd (pd,d
Taking my; = my,

) . and My, = (mg;‘ ) . are usually called low-pass filters (or scaling matrix filters)
1<d,d <D 1<d,d <D

associated with the scaling family @.
Similarly, in case of Y'(x) € W, <V, where Wy = span{'(x —1):1 <1 < L; 1 € A}, there are locally L?

functlonSm forl <d <Dand1 <! < Lsuchthat, forae. ¢ € R,

D
G =Zm O =) (mh* © + TN mb 4 ©) 9, (©®)
d=1 d=1

| IMER | ISSN: 2249-6645 | WWW.ijmer.com | Vol. 5| Iss. 8 | August 2015 | 54 |



Biorthogonal Nonuniform Multiwavelet Packet associated with by nonuniform multiresolution analysis with...

whose matrix notation is given as follows by considering m11 = mlfl 4 and
vlhd |
mlz = mlz :

W69 = M () D), forae §ER,
with My (&) = M, (&) + e 2™ /N My, (&), where the matrices M;; and M;, defined by
l,d
My = (my) )lslsL.lsdsD
and
d
My, (mlz )1<l_L 1<d<D
are usually called high-pass filters associated with the scaling family (W, ®@).

Definition 2.4, The  function wl:1<I<L 1<d<D as defined as follows
of (§) = xpymit () ph(¢/6),a.e. §€R ©)

will be called the basic nonuniform multiwavelet packets corresponding to the NUMRA — D {V; : j € Z} of
L?(R) associated with the dilation .

Note that (4.2) defines w¢ for every non-negative integer | and every d such that 1 < d < D.

Now w = @9, d =1,..,D is a multiscaling function of multiplicity D while wf ,1<1<6-1,d=1,--
,D, are the basic multiwavelets associated with NUMRA — D. Now for any n € N, = NU{0}, we define
wi:1<d <D, recursively as follows. Suppose that {wg:1<d <D, p € Ny} are defined already. Then
define wl,y, ,0<q<6—-1,by

w0l gy (1) = T8_; Tsen 8 a) " wlt (6x — ). (10)

Note that (4.2) defines w? for n > 0. Taking Fourier transform we get
(D +0p)(§) = TRy m*4"(£/6) @}(§/6), 0<q<6—1,1<d <D. 11)

Theorem 2.5.[1] Let {w%:n >0, 1 < d < D} be the basic nonuniform multiwavelet packets associated with
the NUMRA — D {V}}. Then

(M {wd(--1):(8)Y <n< (@)Yt -1, A€ A, 1<d <D }isanorthonormal basis of W., j > 0.

(i) {wl(--2): 0<n<(0) —1, 1€ A,1 <d < D}isan orthonormal basis of V , j > 0.
(iii) {wd(-—2): n=0, 1€ A, 1<d < D}isan orthonormal basis of L?(R).

Now as in (4), (7), (8), (9), (10) and (11) we can define:

I u"fzﬁd ) @ (© (12)
Bl (08) = X2_, ! (OF (@) (13)
Bt (@) =3p m (£) 3" (¢/0),a.e. §ER (14)
@26y () = TR_ Tpen 0 G5 " Gk (6x — 2) (15)
(B16,)() = TPy M40 (£/6) B (§/0),0<q<0— 1,1<d <D (16)
And
md’q'h—{ mat: forq=0,1< d,h < iZ 12
! melt: for q # 0; k—q+(d—1)(9—1)1<dh<D1<q<(9—1) ’

1. BIORTHOGONAL MULTIWAVELET PACKETS
Definition 3.1. A pair of function f(x), f(x) € L*(R) are biorthogonal, if their translates satisfy
(fFOLFC=Dy=6801, AEA
Where &, , is kronecker symbol.
If o2 (x), % (x) € L?>(R) are a pair of biorthogonal scaling functions, then
(@4(), @ (=) =6y, LEAL1<d<D. 17
Moreover we say that $4(), P4(—-1) €L*(R),1<r<6—-11<d<D are pair of biorthogonal
nonuniform multiwavelet associated with a pair of biorthogonal scaling functions ¢?(.), @4 (. —21) if the family
Wi(-A:1eAr=1,..,0—1,1<d < D}isariesz of wy, and
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(@), Pe(-D))=0, 1€EAN1<r<6-11<d<D (18)
@)Y=y =0, 1eEA1<r<0-11<d<D (19)
WA, P~y =6,508,1, LEAL<T,s<O-1,1<d<D (20)

Proposition 3.2. If ¥(x),Yd(x) € L*(R),1<r<60—1lare a pair of biorthogonal nonuniform
multiwavelet associated with a pair of biorthogonal scaling functions g% (x), $*(x), then L*(R) =
@z W =Vo®(D)20 W) =@z It W

Where

W =span (Yt ((6)Y.-2):2€ANjELI<r<6-1,d=1,..,D} (21)
Lemma 3.3. Let ¢(x), @%(x) be a pair of scaling functions. Then ¢%(x), #%(x) are biorthogonal scaling if

andonly if $9_; Xyea 0?6 =) ¢4(§ — ) =1lae EER.
Lemma 3.4. Asume that wf,@¢ € L*(R), 1<q <6 —1,1<d <D are a pair of biorthogonal nonuniform
multiwavelet associated with a pair of biorthogonal scaling functions w (x) and @g (x). Then,

6-1yD_ mdph (g + 2na) fidah (g + zna) =6,, 0<Spg<6-1,1<d<D (22)

Proof. By (11), (14), (17), (21) and Lemma 3.3, we have

Bpg = ) @i +200) TYE + 27D

AEA

szdph(e L +210)) @4(671 (€ + 21A))

leAh 1
X &3¢ (0~1(¢ + 2mA)) mdeh(9-1(¢ + 2mA))

S

-1

D
Z mdPh(071(¢ + 2r0)) ML (6-1(€ + 2m0))

IIM

>—‘>—\

X 9 (& + 2no) + 271/1)) 4(0-1(¢ + 2mo) + 2mA)
D

Mio%a

Z maPh(071(¢ + 2r0)) MR (071(E + 2m0)) . m

0 h=1

[

Theorem 3.5. Suppose {wd(x):n>0,1<d<D}and {@%(x):n=>0,1<d<D} are nonuniform
multiwavelet Packets of multipilicity D with respect to a pair of biorthogonal scaling functions w§ (x) and
@d (x), respectively. Then, for n > 0, we have

(Wd (), @E(.—-D)y =060, AEAL1<ASZD (23)
Proof. The proof it will be by induction, for n = 0,1, ...,0 — 1, (15) is true from (11), (14). Assume that it
holdswhenn < [; I > 0.Forn = [. Ordern = q + 6p, wherep 20,0 < g <6 — 1 &p < n. We have

@i, @) =80; & ThaTaar GG -DBFE - D=1 ,§€R,
And
@0, BEC-) = @4C), BLC—2)
= [ 0100 ) Ty © ¥ s
D * D _
= [ D mtarcyah/o) Y. TIGEI0) 5 (/0) e ds
R h=1 h=1
D

=Z . 1[{ | mdqh(g+2n/1) (Z+27t/1>mdqh7(g/9)wh(§/9) e2mik g
6([0,27]+2)

:L[Oyzn] (ZED: (g+27r/1>5 (g 27r/1)> (Z mdqh< )mdqh(§/9)> 2 g

=f Z mdah (_) RLAR(E)0) ek dE
o[02n] = 6

6-1 D

= j Z z md.q,h (i + 27-[0-) "‘md,q,h (i + 27-[0-) eZT[ME dg
[0,27] 0 6

0=0 h=1
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=f 2K dg = 5. .
[0,27]

Theorem 3.6. Suppose {wl(x):n>0,1<d<D} and {@%(x):n>01<d<D} are Nonunlform
multiwavelet Packets of multipilicity D with respect to a pair of biorthogonal scaling functions wg (x) and
ad (%), respectively. Then, for n > 0, we have

W0f gy (@G5 (=) =801 84,4, LEAN0<q1,q, <O-11<d<D (24)
Proof. Similar steps in above proof.

Theorem 3.7. If {wl(x):n>0,d=1,..,D} and {@¢(x):n>0,d=1,..,D} are basic nonuniform
multiwavelet packets with respect to a palr of biorthogonal multiscaling functions wd(x) and @¢(x),
respectively. Then, for m,n > 0, we have

(@ (), B (=) = 8y B0 (25)
Proof. For m = n, the result (25) follows by Theorem 3.5. Whenm = n,and 0 < m,n < 6 — 1 0 < {, the result
(25) can be get from Theorem 3.6. Assuming that m # n, and at least one of {m,n} does not lies in 0,1, ...,0 —
1, then we can rewrite m,n asm = q; + 6p;,n = q, + Op,, wherep; p, =20,0<q;,q; < 6 — 1.
Case 1. If p; = p,, then q; # q,. Therefore, Eq. (25) follows by (11),(15), Lemma and (22), i.e.,

(R0, R =) = (0 1oy (D0, (=)
= (@ Q1+9P1( ), quwpz( =)

:f q1+9P1() qu+6p2( -A) e?miX dé
R
= f md.ql.h(e—l &) wpl(g &) wpz(g -19) Wez’““ dé
R

= Z f m®ah(971 &) & (671 §) W maazh(g-18) e2™iA¢ dg
€A g ([0,2m]+2)

= f (Z AL (O (E+1) B0 (¢ +/1))> mbavh(9=1¢) mdazh(9=1§) e2miAEg¢
9[0,2m] MEA

6-1

j Z md.ch.h( Q—I(E + 27T0')) Tfﬁd,qz,h( 9—1(5 + 27TO')) eZn i1E d§
[0,2] 0=0

— 2 miA — —
= f 8410, € M dE = 5y, =0
[0,2m]

Case 2. If py # py,order p1= g3+ 8 p3, po=gs+ 6 ps, Where p,p,=20and 0 < g3,9, <8 — 1. If
23 =pa4 then g5 # g, Similar to Case 1, (25) can be established. When z; # p4, we order p3 = g5+
O ps,ps=qge+ b pe Where ps pg 20and0 < g5, 75 < & — 1. Thus, after taking finite steps (denoted by

£,weobtain 0 < p,,p < —-1and0<p, g, <8 -1 1fp, =p,, then p, # g, Similar to the
Case 1, (25) follows. If p , # ¢,
, then

(@, ()&%, ())=0 1€ o Za}”(f 2) an (£ —A)=0

AEA

Furthermore, we obtain

(@l @2 (=) = (@) (. —2))

~d =d
= <wq1+ﬂp1(- )' qu+5‘p2(' _1))
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~d =d 2 7l
= wa+ﬂp1(') a}q2+19;72(' _j) e ¢ Qg—

R

=[O (67LE) mirsh (872(¢ +
2000 300200040 0-2000,02,,0-1000,04,A0-10 02000000

= J (Mg 91O )@y (O E) a0y (0 §) (g 074007 )™

)

AENGE ([0 27 1+.1)
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3 2k
(1_[ et f)) (@ (07 8) By (676 (]_[ Ut f)) e
r=1 r=1

x 2
- ( oS )> (1_[ nt" ‘““’h(fff))Z(’a‘)‘ék(ﬂ—’f(f
ok10.2r] 1 1

r= A€A
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