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ABSTRACT: The fuzzy set theory has been applied in many fields such as management, engineering,
matrices and so on. In this paper, some elementary operations on proposed trapezoidal fuzzy numbers
(TrENs) are defined. We also defined some operations on trapezoidal fuzzy matrices (TrFMs). The
notion of Determinant of trapezoidal fuzzy matrices are introduced and discussed. Some of their relevant
properties have also been verified.
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I. INTRODUCTION

Fuzzy sets have been introduced by Lofti.A.Zadeh[8] Fuzzy set theory permits the gradual assessments
of the membership of elements in a set which is described in the interval [0,1]. It can be used in a wide range of
domains where information is incomplete and imprecise. Interval arithmetic was first suggested by Dwyer [13] in
1951, by means of Zadeh’s extension principle [6,9], the usual Arithmetic operations on real numbers can be
extended to the ones defined on Fuzzy numbers. Dubosis and Prade [5] has defined any of the fuzzy numbers. A
fuzzy number is a quantity whose values are imprecise, rather than exact as is the case with single — valued
numbers.

Trapezoidal fuzzy number’s (TrFNs) are frequently used in application. It is well known that the matrix
formulation of a mathematical formula gives extra facility to study the problem. Due to the presence of
uncertainty in many mathematical formulations in different branches of science and technology. We introduce
trapezoidal fuzzy matrices (TrFMs). To the best of our knowledge, through a lot of work on fuzzy matrices is
available in literature. A brief review on fuzzy matrices is given below.

Fuzzy matrices were introduced for the first time by Thomason [12] who discussed the convergence of
power of fuzzy matrix. Fuzzy matrices play an important role in scientific development. Two new operations and
some applications of fuzzy matrices are given in [1,2,3]. Ragab.et.al [11] presented some properties on
determinant and adjoint of square matrix. Kim [7] presented some important results on determinant of a square
fuzzy matrices. Pal [10] introduced intuitionistic fuzzy determinant . Jaisankar et.al [4] proposed the Hessenberg
of Triangular fuzzy number matrices.

The paper organized as follows, Firstly in section 2, we recall the definition of Trapezoidal fuzzy
number and some operations on trapezoidal fuzzy numbers (TrFNs). In section 3, we have reviewed the
definition of trapezoidal fuzzy matrix (TrFM) and some operations on Trapezoidal fuzzy matrices (TrFMs). In
section 4, we defined the notion of Determinant of trapezoidal fuzzy matrix (DTrFM). In section 5, we have
presented some properties of Determinant of trapezoidal fuzzy matrix (DTrFM). Finally in section 6, conclusion
is included.

Il. PRELIMINARIES
In this section, We recapitulate some underlying definitions and basic results of fuzzy numbers.

Definition 2.1 Fuzzy set

A fuzzy set is characterized by a membership function mapping the element of a domain, space or
universe of discourse X to the unit interval [0,1]. A fuzzy set A in a universe of discourse X is defined as the
following set of pairs

A={(X,4 A(X)) ; xeX}
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Here tf, : X —> [0,1] is a mapping called the degree of membership function of the fuzzy set A and iy x)is

called the membership value of xe X in the fuzzy set A. These membership grades are often represented by real
numbers ranging from [0,1].
Definition 2.2 Normal fuzzy set

A fuzzy set A of the universe of discourse X is called a normal fuzzy set implying that there exists at

least one xe X such that 4, (x) =1.

Definition 2.3 Convex fuzzy set
A fuzzy set A={(x,L, () )}=X is called Convex fuzzy set if all A are Convex set (i.e.,) for every

element x5 A and x5 e A for every ae[0,1], Ax1+(1-1) X5 A, for all A[0,1] otherwise the fuzzy set is
called non-convex fuzzy set.

Definition 2.4 Fuzzy number
A fuzzy set A defined on the set of real number R is said to be fuzzy number if its membership function
has the following characteristics
i. A is normal
ii..4 is convex
iii. The support of 4 is closed and bounded then A is called fuzzy number.

Definition 2.5 Trapezoidal fuzzy number
A fuzzy number A™ =(a,, a,,8,,8,) is said to be a trapezoidal fuzzy number if its membership

function is given by

] \ X = a,
x—a
o L, < X = ds
parzn(x) =4 1 SO = X < dag
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Fig 1: Trapezoidal Fuzzy Number

Definition 2.6 Ranking function
We defined a ranking function R: F(R)—R which maps each fuzzy numbers to real line F(R) represent
the set of all trapezoidal fuzzy number. If R be any linear ranking function

s‘R(A'm_):(al'i'a.z'|'a.3'|'a.4J

4
Also we defined orders on F(R) by
R(A™)=%(B™)ifandonlyif A™ >, B™

R (A™) <% (B™)ifand only if A™ <z B™
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% (A™)=% (B™)ifandonly if 37 = FTL

Definition 2.7 Arithmetic operations on trapezoidal fuzzy numbers (TrFNs)

Let A™ = (a,a,,a,,a,) and B™ =(b,,b,,b,,b, ) be trapezoidal fuzzy numbers (TrFNs) then
we defined,

Addition
A™ +B™ =(ay+by, a, + by, ay + by, a,+5,)

Subtraction
- ( 17412 3173 2174 ICJ.l)

Multiplication
AT B‘TzL =(a, R( §TZL ), @, R( 'B'TzL ), a5 R( é‘TzL ), a, R( E'L'L] )

where ﬂ(é‘m ):[b1 +b, +b; +b4j orEFl(BTZ" )= [bl +b, +Db, +b4}

4 4

Division

ER(é'TzL) ! m(éTzL) ! m(gTzL) ! ER('B'TZI)

Where Eﬂ( §TZL): (b1+b2 +b3 +b4j or ER(BTZL): [b1+b2 +b3 +b4j
4 4

;&TzL /§TzL _ [ aq a, a, a, j

Scalar multiplication
R (ka,ka, kag, ka,)if K =0
[ka4, kas ka,, kal)ifk =0

Definition 2.8 Zero trapezoidal fuzzy number
If A™ =(0,0,0,0) then A™ is said to be zero trapezoidal fuzzy number. It is defined by 0.

Definition 2.9 Zero equivalent trapezoidal fuzzy number
A trapezoidal fuzzy number A™ s said to be a zero equivalent trapezoidal fuzzy number if
R (A™)=0. It is defined by 0™ .

Definition 2.10 Unit trapezoidal fuzzy number
1f AT = (1,1,1,1) then A™ s said to be a unit trapezoidal fuzzy number. It is denoted by 1.

Definition 2.11 Unit equivalent trapezoidal fuzzy number
A trapezoidal fuzzy number A™ s said to be unit equivalent triangular fuzzy number.
If % (A™)=1.1tisdenoted by 1™ .

Definition 2.12 Inverse of trapezoidal fuzzy number

If 2™ is trapezoidal fuzzy number and @' = 0™ then we define.
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I11. TRAPEZOIDAL FUZZY MATRICES (TRFMS)
In this section, we introduced the trapezoidal fuzzy matrix and the operations of the matrices are presented.

Definition 3.1 Trapezoidal fuzzy matrix (TrFM )

A trapezoidal fuzzy matrix of order mxn is defined as A= Hmjmm, where

a; = (a“l, Q0 Qi3 au4) is the £7 %™ element of A.

Definition 3.2 Operations on Trapezoidal Fuzzy Matrices (TrFMs)
As for classical matrices. We define the following operations on trapezoidal fuzzy matrices. Let A =

(& TZL )and B (b-TZL) be two trapezoidal fuzzy matrices (TrFMs) of same order. Then, we have the following

i. Addition
A+B = ( :u + EJE-_?H )
ii. Subtraction
A-B= [’”” b ]
b b
iii. ForA:(Egﬂj andB:(E:i_ﬁri)
mxn
i=1,2,...,mand j=1,2,... k.

iv. Alordl= (Ef:i)

it

T=L ~M I Tzl
o then AB = (L )mmwherec Z?, =1 bpj ,

v. KA-= [KEF ) where K is scalar.

IV. DETERMINANT OF TRAPEZOIDAL FUZZY MATRIX (DTRFM)
In this section, we introduced and discuss the Determinant matrix in the fuzzy nature.
Definition 4.1 Determinant of trapezoidal fuzzy matrix
The determinant of a square trapezoidal fuzzy matrix A4 = [Egﬂj is denoted by (A) or det(A) and is
defined as follows:
TzL
|A| - ZhES Slgﬂh 1_[ Ain (i)

~Tzl TzL ~TzL
= Ehes sign h A1n(1) 92h(2) - Anh(n)

Where ih(i} are TrFNs and 5, denotes the symmetric group of all permutations of the
indices {1,2,3,...,n} and sign h=1 or —1 according as the permutation h = (h,al%:, h,f:} """ i ) is

even or odd respectively.
Definition 4.2 Minor
LetA = [arﬂ) be a square Trapezoidal fuzzy matrix of order n. The minor of an element rx Lina

is a determinant of order (n—1) 3 (n—1) which is obtained by deleting the i * % row and thej column from A
and is denoted by Mrﬂ.

Definition 4.3 Cofactor
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LetA = [arﬂ) be a square Trapezoidal fuzzy matrix of order n. The cofactor of an element arﬂ in
A'is denoted by ATF* and is defined as A7** = (—1)**7 M[7*.

Definition 4.4 Aliter definition for determinant

T=L
Alternatively, the determinant of a square Trapezoidal fuzzy matrix [‘1 7 ) of order n may be
expanded in the form
|ﬂ| — n ~1"3L ‘,511'-31 , = {1}2’ ,ﬂ}

= =10
Where f-lrzi is the cofactor of arﬂ.

Thus the determmant is the sum of the products of the elements of any row (or column) and the cofactor of
the corresponding elements of the same row (or column).

Definition 4.5 Adjoint
Let f-l [fxrﬂ) be a square Trapezmdal fuzzy matrix of order n. Find the cofactor ATEL of every

elements @ =" in A and replace every &, by its cofactor ATF* in Aand letitbe B. ie, B=(AFY).
Then the transpose of B is called the adjoint or adjugate of A and is denoted by adJA ie,
[ATEL = adjA.

V. PROPERTIES OF DETERMINANT OF TRAPEZOIDAL FUZZY NUMBER MATRICES
In this section, we introduced the properties of DTrFM.

5.1 Properties of DTrFM (Determinant of Trapezoidal Fuzzy matrix)

Property 5.1.1:
Let A = [&T"L) be a square TrFM of order n. If all the elements of a row (or column) of A are 0

then 4] is also 0.

Proof:
Let A4 = [arﬂ) be a square TrFM of order n and let all elements of +*"* row, where l=r=mn be
0.

ie, 4 ;- =1(0,0,00,), j=12,..,n

Then |A| = X7, al 7" ATF4 i e{12,..,n}

Where flrﬂ is the cofactor of r:xrﬂ.

th N HTzL 1'31 TzL

Particularly if we expand through 7 row then we have |4| = j=10 » Which is the sum

of the products of the elements of the " row and the cofactors of the correspondmg elements of the " row.
Since all a: L are 0, each term in this summation is 0 and hence |4| is also 0.

Property 5.1.2:
Let 4 = [&T”L) be a square TrFM of order n.If all the elements of a row(or column) of A are o7t

then |A| is either 0 or 07=E,
Proof:

Let A = [arﬂ) be a square TrFM of order n and let all the elements of +*™ row be 07=%_ since for

NI'zL ﬂI'zL 0 and GI_SL ~T=L — DI'SL

any trapezoidal fuzzy number ar=t =0, ) , if we expand through

® row then in this case |4] = 072" and if we expand through other than " row then we have 4] = 0.
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Property 5.1.3:
Let A = [ﬁnL) be a square TrFM of order n where @ “T”L = [aij-i, Qyjzs Qyjs, aij4). If a row

(or column ) is multiplied by a scalar k, then |4] is multlplled by k.

Proof:
Case (i): K=0
If k=0, then the result is obvious since |4| = 0 when A has a 0 row.
Case (ii): K= 0
Let B = (brﬂjnm where brﬂ = (bi}'lyb”g.rb”g: :}4) is obtained from A = (arﬂjnm by

multiplying its " row by ascalar k = 0.
(Bijpsbijorbijasbijs) = (kagy.kagy, kag s, kag ) forall i # 7 and
[br_;l'lf b.“_;l'ﬂf b,-_,'g; br'_;l'%l) (ka’r'_:ll’ r‘_;lE’ ka’rﬁ! ka’r_:l'd-j when k>0

(_br_;l'l’ br_;l!’ br_;l'ﬂ’br_;l'4) (kar_;ld-’ rjﬁ’ka'rjﬂ’kar_;lij when k<0.

Then by definition ;
|Bl = Zyes, sign b TT, b3
ZhE.‘-‘ sign h [b'ﬂfﬁl} bf;ff:} Efff’,,} Eﬁ{fn}]

= EhES_., signh [ ( blh(l}l’ blh(l}! + by, {133+ by, Eﬂa}j . [bzhiﬂr bzh(:):: b:hiﬂar b:h(:)-#)

[brh N brh(r}!’ br‘h(r}ﬁ’ br‘h l:r'}%l) (bnhl:njll’ brzh (mlzs bnh(rz}ﬁ’ b:—:h(n}f})]
When k>0,

|Bl =

Ehes,, signh [ ( Bni1y1r Fini)z » Saniyar Gan (1) '(_ﬂ'ih(ﬂi’ Lap (22 Qaniz)a a:h(:]ui)

[karh DN ka’rhir}:* karh(r}ﬂ* kﬂ’rhir}ﬂl) [anhl:n::ll! Bprin)2 Tpnin)ar anhl:n}-i]]
= kEhE.‘.‘n sign h [ ( B1mi1y1r Fni1yz s T1ni1)ae Qip(1)a) - [%h(:}ir Qap(2)2r A2n(2)3s ﬂ*:h(:]u})
Qpn(p)1r Dpn(p) 2 Dppip)as a’rh(r}ﬂ}) (a’nhl:njlli' Bpnin)2r Cpnin)a a’nh(n}ﬂ}j]
Bl =k X signh [I%, a7k
hES, o zhl i)
|B| = & |Al
Similarly when k<0,
|B| =

ZhES_., signh [ ( Oyt ni1y2 » B3 B1pi1)e) '[:azh':ﬂl’ Lop (22 Do)z a’:h(ﬂ‘l)

[kar‘h' rldr karh' rigs kar‘h' rize ka’rh{r}l) [:anh':n}l’ anh{n}:’ anh{n}ﬂ’ anh{n}é)]
= kEhE_‘.'_., sign h [ ( Bimr1y1e Rni1)z e T1pi1)as Qyp(1a) - [aih(ﬂlf Bop(2)2: Ban(2)3s a:h(ﬂ‘})

[arh':r}ll arhfr}:’ arh':r'}ﬂ’ arh':r}tl) (anh':n}ll anh{n}:’anh':n}ﬂ’ anh':n}tl:]]
1Bl = k Xyes sign b ITx, ity
|B| = k |Al.
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Hence the result follows.

Property 5.1.4:
If any two rows (or column) of a square TrFM A are interchanged then its determinant changes the

sign of |4|.

Proof:
LetA = [ﬁ;{fl']nm be a square TrFM. If B = (Ef;zij axn 1S Obtained from A by interchanging the

i and =" row (r<s) of A, then bf;?‘i' = &E-EL J#r, i+ 5 and bf:j’i' = &f:fl'.
— : 7Tzl 7 T=L 7Tzl 7 T=zL 7 T=L
Now |B| - Ei‘iE.‘-‘,1 sign h IE""13':!:1} -bzhczj brh{r} bsh{s} bnh{n}

— : ~TelL ~TeL ~T=L ~TzL ~TzL
- Zi‘zE.‘-‘,1 stgn h '511;';.:1} -azhcz} ﬂ'sh(r} arh(s} ﬂ'nh(n}
|B| =

ZhE_‘-',, sign h [[alh':l}lﬁalh': 20 B1pi1)3e ‘11?:'11}4)' [ﬂ’ﬂh(ﬂl’ Bop(2)2:Qan(2)ar “2?:(2)4)

[ﬂ’sh (ritr Lenir)ze Csniryar San ':r}f}) [arh(s}l’ Opnisyze Crnisiar Sen ':3}4)
[a’nh (ni1s anh{n}:’ a’nh':n}ﬂ’ a’nh ':n}tl):l
LetdA = G 2: T ;:] Then A is a transposition interchanging r and s and hence A = —1.
Let @ = AR . As h runs through all permutations on {1,2,...,n}, 2 also runs over the same permutations
because Ahy = Ah, or hy = h,.
Now ¢ = Ah
—f1 2.7 fu B 1 2 .. o F e n
¢ = [1 2 5 e T n) (h{l} R(Z) .. Rr).. ROz).. h(n})
2 . r K

=(hco n ™, w607 n o)
T AR R(Z) .. Rig).. R(r).. Rin)
Therefore @ (i) = h(i),i #r,i # s and @(r) = h(s), @(s) = h(r). Since Ais odd, ¢ is
even or odd according as h is odd or even. Therefore sign ¢ = —sign h

|Bl =

Zn es, SLgT h [[ﬂih(ﬂi:ﬂih (12 E1pi1yar aih':ﬂél)' (azh':ﬂl’ Qap(zyz:Qan(z)ar a’:h(ﬂ}‘l)

(_a‘sh (ri1r Bepirze Cspirizr Sap ':r:lé) [a'r'h':sjlii' ﬂ'rh{s}!’ Bppiz)ar Lpn ':3}4)
By () 12 B ()22 Boea ()32 B ()3 )]
|B| =

- EhE_f.‘_., Stgn @ [[ﬂmiﬂir Rip(1)2 Bp(1)3 aimim)- [“:mizhr azm'iz}:razmi:}wa:wizh)

(asm':s::' 1 Bep(5)2r Aap(s)ar asq:*':s}‘l) (arm':rjli’ Q)2 Lpgir)3e arqﬂ(r}é)

B (m)1r B ()20 B (m) 30 anml:n}nl)]
|B| = —|Al
Hence proved.

Property 5.1.5:
If Ais a square TrFM then | 4] = |r*1 |

Proof:
Let A = (@]7*),xn beasquare TIFM and A= B = [Egﬂ']nm. Then Ei-rfl' =a..
Now |B]| =EhE-‘7n sign h b{,ff’l} . b;l-r;ff:} b;‘:ﬁ'n}
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— : ~TzL ~TzL ~TzL
ZhE_‘.'n sign h Qri1)1 - Bz = Brinn

Let @ be the permutation of {I, 2, ..., n} such that @h = I, the identity permutation. Then
@ = h™1. Since h runs over the whole set of permutations, ¢ also runs over the same set of
permutations. Let h(i) = j then £ = h™*(j) = @(j) and ay(;y; = @45 forall i, j. Therefore

|B| =
Xy eg, SLT h [[ah(ﬂll’ Bpr1y1zs Tpiayise ahil}u)' [ah(:}nr Bpiayzas Apiz)zs. ah(ﬂ}H)

a’h':n}nl’ a’h':n}nﬂl ah{n}nﬂ’ a’h 'in}ntl)]

|B| =

X g5, SLOTN @ [[:allp':l}l’ 1@ 1)z F1p(1)3 almil}n})' [:a:rp'i:hr Bapiz)zr Tog (2)ar a:mizh)

[ﬂ'rzqol:n:lllf ﬂ'rzqo'in}:’ ﬂ'rzqo'in}ﬂ’ amp':n:@)]
|B| = |Al.

Hence Al = [A],

Property 5.1.6:
The determinant of a triangular TrFM is given by the product of its diagonal elements.

Proof:
Let A = (&;{fl']nm be a square triangular TrFM. Without loss of generality, let us assume that A is a lower
triangular TrEM.
ie, &;{fl' = 0 fori<j. Take atermt of |Al.
t=axiry1 - Grinyz - Gnimn
Let h(1) # 1. So that 1 < h(1) and so @7}y, = 0 and thus t = 0. This means that each term is 0
if h(1) = 1.
Let now h(1) = 1 but A(2) # 2 . Then 2 < h(2) and so d@}73,, = 0 and thus t = 0. This means
that each termis 0 if (1) = 1 or h(2) # 2.
However in a similar manner we can see that each term must be 0 if R(1) # 1 or h(2) # 2 or
..., h(n) # n. Consequently

— =Tzl -~T=L ~T=zL
4] = aif .;xiz e G2

j— n el =4 ]

= 1= 8y

= product of its diagonal elements.
Similarly when A is an upper triangular, the result follows.

Property 5.1.7:
The determinant of a diagonal TrFM is the product of its diagonal elements.

Proof:
Let A = (@) uxx be a diagonal TrFM.
ie, &;{fl' = 0 fori #j. Take aterm t of | Al.

_ ~T=L ~TzL ~T=lL
t=agr1y1 - Qpiyz - Qrinin

Let h(1) # 1.then @77}y, = 0and thust= 0. This means that each term is 0 if (1) # 1.
Let now h(1) = 1 but h(2) # 2. Then @}7},, = 0 and thus t = 0. This means that each term is 0 if
h(1) = 1lorh(2)# 2.

However in the similar way, we can see that each term for which h(1) # 1 or k(2) = 2 or..., h(n) #n
must be 0. Consequently
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— =Tzl -~T=L ~T=zL
4] = ajf* .a33" ... 4.z

—TIn 5T=L

= 1= 8y

= product of its diagonal elements.

Hence the result follows.

V1. CONCLUSION
In this article, We have concentrated the notion of Determinant of matrix using trapezoidal fuzzy

number is discussed. Using the Determinant of Trapezoidal fuzzy Matrix work can be extended to the another
domain of adjoint matrices is discuss in future.
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