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ABSTRACT: Analytical method for solving homogeneous linear differential equations in chemical
kinetics and pharmacokinetics using homotopy perturbation method has been proposed. The
mathematical model that depicts the pharmacokinetics is solved. Herein, we report the closed form of
an analytical expression for concentrations species for all values of kinetic parameters. These results
are compared with numerical results and are found to be in satisfactory agreement. The obtained
results are valid for the whole solution domain.
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l. INTRODUCTION

Various asymptotic methodis used to solve the linear and nonlinear problem in physical and chemical
sciences. Variational iteration methodis a powerful method which yields convergent series solution for
linear/nonlinear problems [1]. Also it is a powerful mathematical tool to solving systems of ordinary differential
equations. Recently ElhamSalehpoor et.al [2] used the variational iteration method to systems of linear/non-
linear ordinary differential equations, which yields a series solution with accelerated convergence.Matinfar et.al
[3] proposed VIMHP to solve effectively, easily and accurately a large class of linear, nonlinear,
partial,deterministic or stochastic differential equations with approximate solutions whichconverge very rapidly
to accurate solutions. Matinfaret.al[4] develop the modified variational iteration method for solving linear
problems.

He’s homotopy perturbation method is a powerful and capable method to solve linear and nonlinear
equation directly. Most of the scientific problems in engineering are linear or nonlinear. Except in a limited
number of these problems, finding the exact analytical solutions of such problems are quite difficult. Therefore,
there have been attempts to develop new techniques for obtaining analytical solutions which reasonably
approximate the exact solutions. Homotopy perturbation method is such method which is straightforward and
convenient for both linear and non-linear equations. It is also applicable to both partial differential equation and
ordinary differential equation. The homotopy perturbation method is proposed by He in 1999 and was
developed and improved by him. Homotopy perturbation method is the combination of traditional perturbation
method and homotopy method so it takes full advantages of both methods.In this paper approximate solution of
system of linear differential equations in pharmacokinetics model are obtained by Homotopy perturbation
method.

1. MATHEMATICAL FORMULATION OF THE PROBLEM
The systematic diagram of pharmacokinetics model for fluoxetine and norfluoxetine is represented in
Fig 1.The concentrations of A,B,C,D species with X, Y, Z and W can represented by the following system of
linear differential equations.

dX
— =—(kgy + kg2 ) X
at (ko1 +koz)

1)
dy
ot =K1 X — (klo +kyp + k13)Y +k31Z

2
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d—f = kle - k312

d @3)

dd—vtv = k02X + kle - k20W

(4)
whereX is a concentration of fluoxetine at administration place. Y is a concentration of fluoxetine in central
compartment. Z is a concentration of fluoxetine in peripheral compartment and W is a concentration of

norfluoxetine in central compartment. The rate coefficients are: Ky absorption rate constant for fluoxetine, Kg,
and Ky presystematic and systematic metabolism rate constant of fluoxetine to norfluoxetine, kq3andKyqthe

distribution rate constants for fluoxetine, Kigand Koygthe elimination rate constants for fluoxetine and
norfluoxetine.The initial conditions are

X (0) = X,,Y(0)=Z(0) =W (0) =0 5)

11l. APPROXIMATE ANALYTICAL EXPRESSION FOR CONCENTRATIONS SPECIES
USING THE HOMOTOPY PERTURBATION METHOD (HPM)

Some nonlinear problems in chemical sciences [4] can be solved HPM [5], ADM [6, 7] and VIM [8].

Recently, many authors have applied the Homotopy perturbation method (HPM) to solve the linear and non-
linear problem in physics and engineering sciences [9-16]. This method is also used to solve some of the non-
linear problem in physical sciences [14-16]. This method is a combination of Homotopy in topology and classic
perturbation techniques. [2, 17-19] HPM is unique in its applicability, accuracy and efficiency. The HPM uses
the imbedding parameter [0 as a small parameter, and only a few iterations are needed to solve the equation.

The basic concept of HPM is given in Appendix A .By solving the Eqgns. (1) - (4) using this method [9-11], we
can obtain concentrations ofspecies as follows( Appendix B):

X(t)=X,e™
(6)
Y(t)= KoiXo |o-at | Kai& | -Kat | KoiXo = Kai& |t
b-a b Ky b-a  b—ka

Z(t) ={ Kiako1Xo }e—kmt " Ki3Ko1Xo { e ™! B gt :I(S)
(k31_b)(k31—a) b—a b—k31 a_k31

W(t)= {—kozxo . KiakoaXg }e—kmt N Koo Xoe ™ , ki2kor X { e N e~ }
koz—a (koo —b)kpo —2) ko —a b-a |ky—-b ky-a
©)

where
a=k01+k02andb=k10 +k12+k13 (10)

V. NUMERICAL SIMULATION

The linear differential equations (1)-(4) for the given initial conditions are solved by using homotopy
perturbation methods. The function pdex 4 in Matlab software, which is a function of solving initial value
problems was used to solve these equations numerically and the Matlab program is given in Appendix C.
Figures 2-5, and Tables 1-4represent the comparison of analytical results obtained in this work with the
numerical results. Upon comparison, it is evident that both the results are in good agreement for different values
of the reaction and diffusion parameters.The maximum relative error between our analytical results and
simulation results is 0.5%.

V. RESULT AND DISCUSSIONS
Figures 2(a) and 2(b) represents the dimensionless concentration of fluoxetine at administration placex

for different values of dimensionless parameter Kqjand Kg, .From these figures, it is evident that the values of

_________________________________________________________________________________________________________________________________|
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the concentrationfluoxetine at administration place decreases when dimensionless time increases and the
parameters Kyq and Kg, increases. Concentration Xis a decreasing function of time t.

Figures (3(a-c)) represents the dimensionless concentrationof fluoxetine in central compartmentY for
different values of dimensionless parameters Ky, K15 and K15 .From these Figures,it is evident that the values

of the concentration decreases when dimensionless parametersKyy, KjppandKjgincreases.Also the

concentration Y increase gradually from its initial value and reaches the maximal value when time t=0.2 for all
values of parameter and then concentration decrease from the maximumvalue.
Figure (4) represents the dimensionless concentration of fluoxetine in peripheral compartment Z for

different values of dimensionless parameter K31.From these figures, it is evident that the values of the

concentration decreases when dimensionless parameters K increases.
Figure (5) represents the dimensionless concentrationofnorfluoxetine in central compartment Wfor
different values of dimensionless parameter Ko.From these figures, it is observed that the values of the

concentration decreases when dimensionless parameters K increases. Also the concentration Wincreases from

its initial value and reaches maximal value when t=0.15 and then decreases gradually and reaches the steady
state value when time t=1.

VI. CONCLUSION
Approximate analytical solutions of system of linear differential equations in parametric kinetics are
presented using homotopy perturbation method. A simple, straight forward and a new method ofestimating the
concentrations of species X, Y, Z and W are derived. The primary result of this work is simple approximate
calculations of concentration for all values of dimensionless parameters. This solution procedure can be easily
extended to solve all kinds of system of coupled linear and nonlinear equations with various complex boundary
conditions in chemical and physical sciences.

APPENDIX A
Basic concept of the Homotopy perturbation method (HPM) [9-12]
To explain this method, let us consider the following function:

D,u)—-f(r)=0, reQ A

with the boundary conditions of

ou
B, (u,—) =0, rel’ (A2
o an) (A2)

where D0 is a general differential operator, B0 is a boundary operator, f (r) is a known analytical function

and I is the boundary of the domain ). In general, the operator D0 can be divided into a linear part L and
a non-linear part N . The eqn. (A.1) can therefore be written as

Lu)+N(u)—f(r)=0 (A3)

By the Homotopy technique, we construct a Homotopy V(I, p) : 2x[0,1] — ‘R that satisfies

H(v, p) = (1- p)[L(v) - L(ug)]+ p[D, (v) - F ()] =0. (A4)

H(v, p) = L(v) - L(us) + pL(Us) + PIN(v) - f(N]=0. (a5)

Wherep € [0, 1] is an embedding parameter, and U, is an initial approximation of eqn. (A.1) that satisfies the
boundary conditions. From egns. (A.4) and (A.5), we have

H(v,0) = L(v)-L(u,) =0 (As)
H(v1)=D,(v)—-f(r)=0(A7)

When p=0, the eqns. (A.4) and (A.5) become linear equations. When p =1, they become non-linear equations.
The process of changing p from zero to unity is that of L(V)—L(u,)=0to D,(v) — f(r) =0. we first use
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the embedding parameter P as a “small parameter” and assume that the solutions of eqns. (A.4) and (A.5) can
be written as a power series in P :

V=V, + pVv, + p°V, +... (A8)
Setting p =1 results in the approximate solution of the egn. (A.1):
u=Ilimv=v,+v, +v, +...(A9)
p—1
This is the basic idea of the HPM.
APPENDIX B

Solution of the eqgn. (2)-(4) using the Homotopy perturbation method.
To find the solution of the equations (2) — (4), we construct a Homotopy for the equation(2) as follows:

dy
(- p{— — ko1 X + [(kyo + kg2 +kg3) Yo ]} + P[E — ko X + (kyg + Ky +kyg )Y —kg1Z } =0
(B.1)
Comparing the coefficient of P on both sides
dY,
Po'd—to = kle — [(klo + k12 + k13).Y0 ] =0 (B.2)

Using the initial condition (5),the solution of the above equation becomes
Kog1Xo (. — _
Y (t)— Ol 0 (e at _e bt)
—a

(B.3)
where a = k01 + k02 and b= klO + k12 + k13

(B.4)
Substituting Y (t) in the equation (3), we get
Z(t) = K13Ko1Xo ot [, KysKoi Xo| —e™ N e ™
(k31 —b)ks —a) b-a |-b+ky -—a+ks ©5)

Substituting theX(t) and Y (t) in equation (4) ,we get

W(t)= {_ Ko2Xo + K12K01Xo }e_kzot + koo Xoe ™ n k12Ko1 X [ —e ™ N e d }
koz—a (ko —b)kzo —a) Kyp—a b—a |ky—b Ky—

Again substituting Xand Z in the below equation

dy

(B.7)
we get
koiXoe ™' kgpee ™t kg Xg kg
Y(t)= 0170 + 31 _ | o1 O+ 31 e—bt
b—a b—k31 b—a b—k31 (88)
APPENDIX C
Matlab program to find the numerical solution of the equations (1)-(4).
function
options= odeset('RelTol',1e-6,'Stats','on");
Xo = [1;0;0;0];
tspan = [0,1];
tic
[t, X] = ode45(@Test Function, tspan, Xo, options);
toc
figure
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holdon

%plot(t, X(:,1))

plot(t, X(:,2))

%plot(t, X(:,3))

%plot(t, X(:,4))

return

function [dx_dt]= TestFunction(t, x)
k01=3;k02=3.3;k10=30;k12=2.2;k13=2.4;k31=0.2;k20=0.6;
dx_dt(1)=-(k01+k02)*x(1);
dx_dt(2)=k01*x(1)-(k10+k12+k13)*x(2)+k31*x(3);
dx_dt(3)=k13*x(2)-k31*x(3);
dx_dt(4)=k02*x(1)+k12*x(2)-k20*x(4);

dx_dt =dx_dt’;

return

C
r
K. || *=
B Kl:
K:lﬂ 2
A K.,
Iy X,
K, D 2

02 04 06 08 1
time (f)
Fig. 2.Comparison between analytical expression of concentration of Xand numerical results for various values

of parameters (a) Kgq and (b) koz . The key to the graph: solid line represents analytical Eq. (5)and dotted line
represent the numerical solution.
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Fig. 3.(a)-(c)Comparison between analytical expression of concentration of Y and numerical results for various
values of (a) k10 (b) k12 and(c) k13. The key to the graph: solid line represents analytical expressionEg. (6)and
dotted line represent the numerical solution.
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time (t)

0.8 1

Fig. 4.Comparison between analytical expression of concentration of Z and numerical results for various
values of k31. The key to the graph: solid line represents analytical expressionEqg. (7) and dotted line represent
the numerical solution.
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Fig. 5.Comparison between analytical expression of concentration of W and numerical results for various
values of k20. The key to the graph: solid line represents analytical expressionEg. (8)and dotted line represent
the numerical solution.

Tablel: Comparison of analytical expression of concentration of species Y (Eq.(6))with numerical results for
various values of parameter k,and the other parametersare Ky, =3, K,, =3.3,k, =2.2,k;; =2.4 and

ky, =0.2.

A

Nurencal | Aralyd | Emorte | Muencal | Arabyti | Enorls | Numeneal | Awalybcal | Emore | Numencal | Amlycal | Enorh
alfg alkg ) Eq.(6)
0 f
01 | G632 | 06350 | 000183 | Q5775 | 0574 | 020899 050213 | 0149828 | 02361 | 043070 | 04278 | 0304748
} ! 03 %
013 | 0185243 | Q3441 ) 044490 | OX7I887 | 01710 | 049909 | 0130812 | 0158909 | 0364 | 0148807 | 014723 | 032813
K nl 1 i}
01 | C183939 | 013268 | 068296 | (166332 | 01631 | 09968 | C.15094 | 0.M4%86T | 07010 | 0137407 | 0136419 | 0709017
D] § 0| 7
023 | OI7M3T | 0.69%6 | 104237 | OI5T100 | 0495 | 100880 | 0.133824 | 052330 | 09506 | 0119087 | 0.11807%4 | 0.830397
9 m | %
03 | CISRI6 | 015129 | 163880 | Q32030 | 0500 | 19074 0014318 | Q1187 | 13140 | 009939 | 0098213 | 138130
b | 1§ 0| 2
Avemgeemor% | 08004 | Avemgeemor% | 0808 |  Avemgeemar® | 0D9%B|  Avempemor% | 0781660
1 4 i3

[=e=

Table 2: Comparison ofanalytical expression of concentration of species (Eq.(6))with numerical results for
various values of parameter k; , and the other parameters are K,, = 3,K,, = 3,K;; = 2.4andk,, =0.2.

Tim
= k=03 k=1 k=13 k=2
()
Numenic | Analytic | Emor | Numeric | Analytic | Emor% | Numeric | Aralytic | Emor% | Numenc | Amlytic | Emor%
a a % a a al al al al
E¢. (0 Eg. (6 E¢ (9 Eq (6
0.0 [ 015932 | 015898 | 02176 | 013167 | 0.13130 | 0.24449 | 0.14434 | 014411 | 029330 | 013788 | 013738 | 0.36327
i 2 11 4 4 i E b 3 b j §
0.3 [ 017446 | 0.17360 | 0.4973 | 016212 | 0.16123 | 0.34305 | 015099 | 0.15003 | 0.63377 | 0.14092 | 0.13987 | 0.74647
9 ! 41 l § 4 1 T g 6 4 §
01 [016971 | 0.16830 | 0.7133 | 0.13383 | 0.13277 | 0.70129 | 0.13%97 | 0.13897 | 0.71836 | 012777 | 0.12623 | 0.73810

§ 2 33 ! 2 j i 2 ! 9 § 4

025 [ 013495 | 013333 | L0401 | 013704 | 0.13573 | 093396 | 0.12184 | 012078 | 0.86741 | 0.10887 | 0.10803 | 0.76808
1 ! 3 j § b 3 § § ] 1 3

03 [ 013620 | 013394 | 16333 | 011739 | 0.11330 | 132118 | 0.10229 | 0.10087 | 138747 | 0.02964 | 0.08331 | 1.26213

! 6 13 ] § 1 4 5 ] ] 6 1
Avenage emor% 0.8270 | Average emor % 0.79319 | Average emor % 0.78090 | Average emar % 0.77539
3 48 78 46
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Table 3: Comparison of analytical expression of concentration of species Y (Eq.(6)) with numerical results for
various values of parameter k;;and the other parameters are K,, =3,K,, =3, Kk, =2.2andk;; =0.2.

Ti
t
Nuwmen | Amalytic | Emor% | Numen | Amalyti | Emor% | Numencal | Analytical | Emor% | Numencal | Amalyti | Emor%
cal al cal cal Eq.(6) cal
Eq.(6) Eq.(6) Eq.(6)
0.1 ] 016077 | 0160379 | 021630 | 0.13313 | 0.15270 | 021630 | 0.143983 | 0.143316 | 031967 | 0130308 | 0.13869 | 0430919
8 9 8 1 b
0.1 ] 0.17669 | 0176224 | 026779 | 0.16440 | 0.16361 | 0.47948 | 0.133268 | 0.15219 | 0.70332 | 0.143185 | 0.14182 | 004729
|3 2 2 4 8 6 9 4
02 ] 017242 | 0171906 | 0.29799 | 0.13660 | 0.13373 | 0.39693 | 0.14283¢ | 0.141591 | 0.83603 | 0.130676 | 0.12914 | 1.17391
6 3 3 b 2 5
02 | 013777 | 0137213 | 033647 | 0.14013 | 0.13002 | 0.79025 | 0.123076 | 0.123389 | 1.13932 | 012179 | 0.11043 | 133897
i |3 1 7 9 9 4 2
03 | 0.13881| 0138023 | 036727 | 0.12067 | 0.11013 | 125844 | 0.103638 | 0.103637 | 1.91220 | 0.093171 | 0.00080 | 233630
2 ] b 7 3 7 6
Average emor % 034029 | Average emror % 066833 | Average emor% 099381 | Average emor % 133117
M 1 68 M

Table 4: Comparison ofanalytical expression of concentration of species Z(Eq. (7))with numerical results for

various values of parameter ky; and the other parameters are K,, = 3,k,, =3.3, k, =3k, =2.2, k, =24

andk,, =0.6.

wIf =03 £, =03 b, =0] k=09

Nurenical | Analytical | Ewor% | Numenical | Analytical | Emor% | Numerical | Amalytical | Emor% | Nuencal | Analytical | Emor%
Eq() Eq () Eq (1) Eq (]

01 | 0023412 | 0.023437 ] 0.10835 | 0023248 | 0023263 | 0.07271 | 0.023086 | 0.023095 | 0.03717 | 0022925 | 0022927 | 0.0063

015 | 0042881 | 0.042907 | 00608 | 0042424 | 0042412 | 0027787 | 0041974 | 0041025 | 0115814 | 0.041529 | 0.041447 | 0.197455

01 | 0062361 | 0.062426 | 0.213975 | 0.061661 | 0.061422 | 0387009 | 0.06078 | 0.06044 | 0359143 | 0.059913 | 0.03%481 | 0.722062

015 | 0080674 | 0.080302 | 0462307 | 00792 | 0.07816 | 0737609 | 0.077764 | 0076977 | 101679 | 0.076338 | 0.073383 | 1274763

03 | 00064 | 0003773 | 0630082 | 0.004243 | 0003237 | 1046320 | 0.00213% | 0.090828 | 141208 | 0.090124 | 0038482 | 182197
Average emror % 0.2253028 | Average emor % 0AI4ME | Average emor %o 03712488 | Average emor% 0.3018558

Table 5: Comparison of analytical expression of concentration of species W (Eq.(8))with numerical results for
various values of parameter k,,and the other parameters are K,, = 3,K,, =3.3,k,, =3,k, =2.2, k ;=24

and Kk, =0.2.

frim — — — —

o 1 g, =10 ky, =15 k,, =20 ky, =25
Numeric | Analytic | Emor% | Numenc | Analytic | Emor% | Numerc | Amalytic | Emor% | Numerc | Amalytic | Emor%
al al al al al al al al

Eg. (%) Eg. (%) Eq. (%) Eq. (%)

0.1 0.16257 | 0.16234 | 0.14322 | 0.13113 | 0.13063 | 036605 | 0.10762 | 0.10723 | 034723 | 0.09029 | 0.0896% | 0.67936
7 1 9 9 9 1 4 1 3 g

015 | 017192 | 0.17146 | 027086 | 012683 | 0.12666 | 013943 | 009732 | 009752 | 021244 | 007743 | 007788 | 038104
el 4 g 1 o 7 h] 3

02 0.16145 | 0.16135 | 0.06002 | 0.11050 | 0.11085 | 0313782 | 0.08114 | 0.0B140 | 042847 | 006271 | 0.06330 | 084636
3 6 6 4 7 5 3 7

0325 | 014236 | 0.14266 | 02080 | 0.00183 | 000220 | 039633 | 0.06364 | 0.06359 | 007177 | 0.05029 | 0.03014 | 0.29660
5 3 9 3 5 7 g 1 3

03 0.12097 | 012133 | 029205 | 0.07454 | 007450 | 0.04873 | 0.05216 | 0.05179 | 0.60483 | 0.03989 | 0.03922 | 168639
g 1 3 g g 4 4 1 5
Average error % 0.00496 | Average emor %o 0.05653 | Average emor %o 0.09459 | Average emmor % 0.22687
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