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Abstract: The non-homogeneous cubic equation with three unknowns represented by the diophantine equation 
2233 7 ZWYX n   is analyzed for its patterns of non-zero distinct integral solutions. A few interesting relations 

between the solutions and special numbers are exhibited.        
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Notations: 

nmt ,      : Polygonal number of rank n  with size m  

nS        : Star number of rank n                                       

nPr      :  Pronic number of rank n                                      

nj       :  Jacobsthal lucas number of rank n  

nJ       : Jacobsthal number of rank n  

nmCP ,  : Centered Polygonal number of rank n with size m. 

nG       : Gnomonic number of rank n  

nKy    : Kynea number of rank n 

I. Introduction 
The Diophantine equations offer an unlimited field for research due to their variety [1-3]. In particular, one may refer [4-14] 

for cubic equations with four unknowns. This communication concerns with yet another interesting equation  
2233 7 ZWYX n  representing non-homogeneous cubic with four unknowns for determining its infinitely many non-

zero integral points. Various relations between the solutions and special polygonal numbers, centered polygonal numbers, 

Jacobsthal numbers and kynea numbers are exhibited. 

                       

II. Method of Analysis 
The cubic equation with four unknowns to be solved for its distinct non-zero integral solution is  

                       
2233 7 zwyx n                                                                                                          (1) 

 

Introduction of the transformations, 

  uzvuyvux 2,,                                                                                                               (2) 

 

in (1) leads to 

     
2222 73 wvu n                                                                                                                            (3) 

 

We present below different methods of solving (3) and thus, in view of   (2), different patterns of solutions 

 to (1) are obtained 

 

Pattern: 1.1 

Let  
22 3baw                                                                                                                                   (4) 

write 7 as    

)32)(32(7 ii                                                                                                                        (5) 

 

Using (4) and (5) in (3) and applying the method of factorization, define  
22 )3()32()3( biaiviu n                                                                                               (6) 

Observations on Homogeneous Cubic Equation with Four Unknowns 
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Since the complex number raised to any integer power is also a complex number, we write 

11

2 3)32( BiAi n                                                                                                                    (7) 

Where ])32()32[(
2

1 22

1

nn iiA   

            ])32()32[(
32

1 22

1

nn ii
i

B   

 

Using (7) in (6) and equating the real and imaginary parts, we have  











)3()2(

)6()3(

22

11

1

22

1

baBabAv

abBbaAu
                                                                                                        (8) 

Using (8) in (2), we get 















)12()62(),(

)36()23(),(

)63()23(),(

1

22

1

22

1

22

1

22

1

22

1

abBbaAbaz

baabBabbaAbay

abbaBabbaAbax

                                                             (9) 

Thus, (4) and (9) represent the non-trivial integral solutions of (1) 

 

Properties: 1.2 

(i) )2)1(663()2()1,2( 211  n

nnn

n jJBkyAx  

(ii) 2)1,2( 2  n

n jw   

(iii) )24()5816()1,( ,315,4,3,81 nnn tBttCPAnnz          

 

Pattern: 2.1 

     Write 7 as    
4

)35)(35(
7

ii 
                                                                                        (10) 

And 22

2 3)35( BiAi n                                                                                                      (11) 

Where, ])35()35[(
2

1 22

2

nn iiA                                                          

            ])35()35[(
32

1 22

2

nn ii
i

B   

Using (4), (10), (11) in (3) and employing the method of factorization, we have 

)323)(3(
2

1
3 22

222
abibaBiAviu

n
  

Equating real and imaginary parts, we get  














)]3()2([
2

1

)]6()3([
2

1

22

222

2

22

22

baBabAv

abBbaAu

n

n

                                                                                         (12) 

Thus, taking Aa n2  and Bb n2  the non-zero distinct integral solutions to (1) are given by  

)63()23(),( 22

2

22

2 ABBABABBAABAx 

)63()23(),( 22

2

22

2 ABBABABBAABAY   

)12()62(),( 2

22

2 ABBBAABAZ   

)3(2),( 222 BABAW n   

 

Properties:2.2 

]2][13[)1,2()( 22  nn

n jJwi    
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]23[]13Pr32[),1()( ,42,4,52  nnnnn tSBttAnyii     

]1Pr44[]14Pr4[),1()( ,42,42  nnnn tBtAnnxiii   

 

Pattern:3.1 

Introduce the linear transformations 

TvTu   ,3                                                                                                             (13) 

Let 
22 12baw                                                                                                                         (14) 

Write 7 as  

                        
4

)124()124(
7

ii 
                                                                                 (15) 

and  )12()124( 33

2 BiAi n                                                                                          (16) 

Where  nn iiA 22

3 )124())124(
2

1
   

           nn ii
i

B 22

3 )124())124(
122

1
  

Using (14), (15) and (16) and employing the method of factorization, define  

)12212)(12[
2

1
122 22

332
abibaBiATi

n
   

Equating real and imaginary parts, we have 















)12()2([
2

1

)]24()12([
2

1

22

332

3

22

312

baBabAT

abBbaA

n

n


                                                                              (17) 

Substituting (17) in (13), we get  


















)]24224()412([
2

1

)72624()1212([
2

1

22

3

22

312

22

3

22

312

baabBabbaAv

baabBabbaAu

n

n

                                        (18) 

Replacing a by  
12 nA  and b  

12 nB  , the corresponding integral solutions are given by  

)]48448()8242([2),( 22

3

22

3 BAABBABBAABAx     

)]968()16([2),( 22

33 BABABABAy 

)]72624()1212([4),( 22

3

22

3 BAABBABBAABAz   

)12(2),( 2222 BABAw n  
 

 

Properties: 3.2 

)]4845Pr45()256Pr6([2)1,()( ,4.103,4,43  nnnnnn ttBtCPAnxi  

)18Pr8(16)Pr32(),1()( ,4,2433  nnnn ttBAnnyii  

29)1,2()( 3214   nn

n Jjwiii  

 

Note: .3.3 

Replacing (13) by Tu 3  and Tv                                                                        (19) 

And repeating the process as in pattern.3 the corresponding non-zero distinct  integral solutions to (1) are obtain as 

)]1248()8242([2),( 22

3

22

3 BAABBABBAABAx 

)]363()16([2),( 22

33 BABABABAy 

)]1224()1212([4),( 22

3

22

3 BAABBABBAABAz   
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)12(2),( 2222 BABAw n  
 

 

Properties: 3.4 

)2495Pr95()4813Pr13()1,()( ,4,63,4,103  nnnnnn ttBttAnxi  

)112(6)32Pr32()1,()( ,43,43  nnn tBtAnyii  

)4995Pr95()4845Pr45()1,()( ,4,83,4,103  nnnnnn tCPBttAnziii  

 

Pattern:4.1 

Instead of (15) we write 7 as  

16

)1210)(1210(
7

ii 
                                                                                                 (20) 

And )12()1210( 44

2 BiAi n                                                                                    (21) 

Where
nn iiA 22

4 )1210()1210[(
2

1
    

         
nn ii

i
B 22

4 )1210()1210[(
122

1
  

 

Using (14), (20) and (21) and equating real and imaginary parts, we have  















)]12()2([
2

1

)]24()12([
2

1

22

444

4

22

414

baBabAT

abBbaA

n

n


                                                                          (22) 

 

Substituting (22) in (13), we get 

)]72624()1212([
2

1 22

4

22

414
baabBabbaAu

n



 

)]24224()412([
2

1 22

4

22

414
baabBabbaAv

n



 

 

To get a integer solution replacing a by An 12 
 and b by Bn 12 

 

)]48448()8242([2),( 22

4

22

4 BAABBABBAABAx 

)]968()16([2),( 22

44 BABABABAy 

)]72624()1212([4),( 22

4

22

4 BAABBABBAABAz   

)12(2),( 2224 BABAw n  
 

 

Properties: 4.2 

(i) ))1(141114(8))1(2112(4)1,2( 44

n

nn

n

nn

n jkyBjkyAx   

(ii) )19216()3232()1,( ,44,4,34  nnn tBttAny  

(iii) )]878()87([4),1( ,4,20,164,44  nnnnn tCPCPBGtAnnz  

 

Note: 4.3 

Using (19) and repeating the process as in pattern.4, the non-zero distinct integral solutions to (1) are given by 

)]48448()8242([2),( 22

4

22

4 BAABBABBAABAx 

)]968()16([2),( 22

44 BABABABAy 

)]72624()1212([4),( 22

4

22

4 BAABBABBAABAz   

)12(2),( 2224 BABAw n  
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Properties:4.4 

]1311Pr10[8)]122Pr3(4[)1,()( ,4,44,4,64  nnnnnn tCPBttAnxi  

)18(1664),1()( ,4,84,34  nnn ttBtAnnyii  

)2(24)113(4),1()( ,4,124,4,20 nnnn ttBtCPAnnziii   

 

Pattern: 5.1 

(3) can be written as 

0,
7

7

3






q

q

p

v

uw

uw

v n

n
                                                                                          (23) 

 

Which is equivalent to the system of equations 

                               073  wpvqpu n
                                                                              (24) 

                              07  qwpvqu n
                                                                                  (25) 

 

Applying the cross-multiplication method, we get 

)3(7 22 pqu n    

pqv n7*2  

22 3qpw   

 

Thus, the corresponding non zero distinct integral solutions to (1) are given by 

22

22

22

22

3

)3(7*2

)23(7

)23(7

qpw

pqz

pqpqy

pqpqx

n

n

n









 

 

Properties: 5.2 

)]1,7([7)( nn xi  is a difference of two square 

)7(mod0)1,7()1,7()(  nn yxii  

)]7,7()7,7([7*6)( nnnnn yxiii   is a nasty number  

)7,7()( nnziv  is a perfect square 

)2()1,2()( 2  n

n jwv  

 

Pattern: 5.3 

 (23) can be written as  

q

p

v

uw

uw

v n

n





 3

7

7
                                                                                                         (26) 

 

Repeating the process as in pattern.5, the non-zero distinct integral solutions to (1) are obtain as  

),23(7 22 pqpqx n                       )23(7 22 pqpqy n   

)3(7*2 22 pqz n  ,                           )3( 22 qpw   

 

Properties: 5.4 

)2Pr(7)1,()( ,4,6  nnn

n tCPnxi  

)4(7),1()( ,4,4  nn tCPnyii  

)22(7*2)1,()( ,4  nn Gtnnziii  
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III. Conclusion 
To conclude, one may search for other pattern of solutions and their corresponding properties 
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