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I. Introduction

In 1981, Fisher [1] initiated the study of fixed points on two metric spaces. In1991, Popa [2]
proved some theorems on two metric spaces. After this many authors([3]-[7],[8].[9]-[11]) proved
many fixed point theorems in two metric spaces. Using the Banach contraction mapping, Nadler [12]
introduced the concept of multi-valued contraction mapping and he showed that a multi-valued
contraction mapping gives a fixed point in the complete metric space. Later, some fixed points
theorems for multifunctions on two complete metric spaces have been proved in [13], [14] and
[15].The purpose of this paper is to give some common fixed point theorems for multi-valued
mappings in two metric spaces.

Definition1.2 A sequence {X,} in a metric space (X, d) is said to be convergent to a point X € X if
given >0 there exists a positive integer nq such that d(x,,x) < e for all n > ny

Definition1.3. A sequence {X,} in a metric space (X, d) is said to be a Cauchy sequence in X if given
e>0 there exists a positive integer nysuch that d(Xm,,X,) < € forallmn>n, .

Definition1.4. A metric space (X, d) is said to be complete if every Cauchy sequence in X converges
to a point in X.

Definition1.5 Let X be a non-empty set and f: X — X be a map. An element x in X is called a fixed
point of X if f(x) = x .

Definition1.6. Let X be a non-empty set and f, g : X — X be two maps. An element x in X is called a
common fixed point of f and g if f(x) = g(x) = x.

Definition1.7. Let (X,d;) and (Y,d,) be complete metric spaces and B(X) and B(Y) be two families of
all non-empty bounded subsets of X and Y respectively. The function &, (A,B) for A, B in B(X) and

0, (C,D) for C,D in B () are defined as follow
0,(A,B) =sup{ di(a,b):a € A, beB }
0,(C,D) =sup{ dy(c,d):ceC,deD}

and 0 (A) = diameter(A)
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If A consists of a single point a we write 6, (A,B) = ¢, (a,B). If B also consists of a single point b we
write 9, (A,B) = ¢, (a,B) = J, (a,b). It follows immediately that J, (A,B) = ¢, (B,A) > 0, and
0,(AB) < 0,(AC) + 9, (C,B) forall AB in B(X).

Definition1.8. If {A,: n=1,23...} is a sequence of sets in B(X), we say that it converges to the
closed set A in B(X) if

Q) Each point a in A is the limit of some convergent sequence {a, € A,:n=1,2,3...},

(i) For arbitrary € > 0, there exists an integer N such that A, = Ae for n > N where A< is the
union of all open spheres with centres in A and radius € .

The set A is then said to be the limit of the sequence {An}.

Definition1.9. Let f be a multivalued mapping of X into B(X). f is continuous at x in X if whenever
{x} is a sequence of points in X converging to X, the sequence {f(x,)} in B(X) converges to fx in
B(X). If f is continuous at each point x € X, then f is continuous mapping of X into B(X).

Definition1.10. Let T be a multifunction of X into B(X). z is a fixed point of T if Tz = {z}.

Lemma 1.11[16]. If {An} and {Bn} are sequences of bounded subsets of a complete metric space (X,
d) which converges to the bounded subsets A and B, respectively, then the sequence {6(An,Bn)}
converges to 6(A,B).

Il. Main Results
Theorem 2.1: Let (X, d;) and (Y, d,) be two complete metric spaces. Let A, B be mappings of X into
B(Y) and S, T be mappings of Y into B(X) satisfying the inequalities.
0, (SAx, TBx') < A max{J, (x,x), o, ( x,SAX), 0, (x',TBx’),

Ya[ 0, (x,TBx')+ 9, (SAX, x')], 0, (Ax, Bx')}

0, (BSy, ATy)< A max{J, (y.y"), &, (¥,BSY), 5, (¥, ATy,
Y[ 6, (y, ATy )+ 3, (BSy,y))], J,(Sy,Ty")}
---------- ()
forall x, x"in X and y, y" in Y where 0< A < 1. If one of the mappings A, B, S and T is continuous,

then SA and TB have a unique common fixed point z in X and BS and AT have a unique common
fixed pointwin Y. Further, Az = Bz = {w} and Sw = Tw = {z}.

Proof: From (1) and (2) we have
0,(SAC, TBD) < A max{ ¢, (C,D),d, (C,SAC),, (D, TBD),

¥[8, (C,TBD)+J, (SAC,D)], 5, (AC,BD)} === 3)
S,(BSE, ATF)< 1 max{J, (EF), 5, (E,BSE), 5, (F,ATF),
Y[ 5, (E, ATF)+ 3, (BSEF)], &,(SE,TF) } ----mremen (4)

V C,D e€B(X) and E,Fe B(Y)
Let X0 be an arbitrary point in X. Then y; € A(Xo) since A: X — B(Y), x;€ S(y) since
S:Y— B(X),y.eB(xy) since B: X— B(Y) and x,e T(y,) since T : Y = B(X).
Continuing in this way we get for n>1, Yon.1 € A(Xan-2), Xon1 € S(Y2n-1), Yan € B(X2n1) and
Xon € T(Y2n) - We define the sequences {x,} in B(X) and {y,} in B(Y) by choosing a point
Xon1 € (SATB)"'SAX = X;n.1 Xone (TBSA)'X = Xy
Yon1 €A (TBSA)™X =Yg and yone B(SATB)™SAX =Y, Vv n=123, .
Now from (3) we have
51 (x2n+1a in) = 51 (SAXZn, TBXZn—l)
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< 2. max{ 8, (Xam Xan1), 8, (XonSAXz), &, (Kans, TBX ),
Y[ 6, (Xon, TBXan1)+ 0, (SAXzn, Xan1)], 05 (AXn,BXzn1)}
= A.max {8, (Xan, Xan1), 6; Koy Xaner)s 0; (Xanas Xan),
1/2[51 (XaonXan)+ 51 ( Xane, Xana)]s 52 (Yone1,Y2n) }
= A.max{; Xon, Xon-1), O; Kan, Xons1), Oy (Xan-1, Xaon),
Y2. 0, ( Xone1, Xan-1), Op (Yoner,Yan) }
< A .max{d; (Xon, Xon1), O; (Kon, Xonea), ¥2. 0; (Kans, Xon)+ 01 (Xan, Xonea),

52 (Y2n+1aY2n) }
Hence

51 (X2n+1’ in) < 4. maX{ 51 ( Xons X2n-1) , 52 (Y2n+le2n) } --------------- (5)
Now from (4) we have
52 (Y2n+1aY2n) = 52 (BSan.l, ATan)
< ﬂ’ max{ 52 (Yva Y2n-1)1 52 (YZn-ly BSYZn-l)y 52 (YZn, ATan),
Y[ 5, (Yant, ATY20)+ 8, (Yon,BSYan1)], 8, (SYana, TY20)}
< A.max{ 8, (Yans, Yan), Oy (Xona, Xan)}t
Similarly we have
8, (Kon, Xont) € A.max {0 Xanz, Xon-1) , 05 (Yons, Yon)} mmmeemmmmmmmeees (6)

0, (Yon,Yon1) £ A.max {0, (Yanz, Yan1), 0y (Xan1, Xon2)}
from inequalities (5) and (6), we have
8, (X1, Xn) < A max { 8, (X, Xn2) , 8, (Yows, Yo) }

< A n.maX{ 51 (X1, Xo) , 52 (Yz, Yl) } — 0 as n—oo
AlSo ) (Xns1,%n) < O; (Kne1,Xn)
which implies J; (Xp+1,Xn) — 0 as n—o

Thus {x,} is a Cauchy sequence in X. Since X is complete, it converges to a point z in X.
Further

0,(z, Xr) £ 6, (z, Xn)+ O (Xn, Xn)
<6, (z, Xn)+ 20, (Xn, Xns)
= 0,(z,X;) > 0asn—>

Similarly {y.} is a Cauchy sequence in Y and it converges to a point w in Y and &, (w, Y,) — 0

asn— oo.
Now

01 (SAX2nz) < 0, (SAXan Xon) + Oy ( Xaon, 2)
< 0, (SAXgn, TBXan1) + 0, ( Xaon, 2)
< A max{o; (Xan, Xan-1), Oy (Z,SAXzn), O (Xon, TB2Z),
Ya[ ) (Xan, TBXon1 )+ O, ( Xan-1,SAXan)], 0, (AXan, B Xon1 )}
+ 0,(Xn,2) > 0asn—> oo,
Thus i'ﬂ.l SAXy={z} = !m SYon+1
Similarly we prove
!m TBxona={2} = LILT; Tyan
!m BSyan1={w} = !m BXan1
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lim ATy, ={w} = lim AXy,

Suppose A is continuous, then
lim Ax,, = Az = {w}.

we prove SAz = {z}.
We have
0,(SAz, z) = lim 6, (SAz, TBXzn.1)
< lim A .max{ 9, (z, Xon1), 0, (2, SAZ), O, (Xan-1,TBXon.1),

1/2[51 (Z, TBXZn.l) + 51 (Xgn.l,SAZ)], 52 (AZ, BXZn.]_)}
< 9,(z, SAzZ) (since A <1)
Thus SAz = {z}.
Hence Sw = {z}. (Since Az ={w})
Now we prove BSw = {w}.
We have

0, (BSw, w) = lim o, (BSw, ATy;,)
< lim A .max{ 38, (W,yzn), 8, (W, BSW), &, (Yan, ATY20),

Vo[ 0, (W,ATY20)+ 0, (Y2n,BSW)], 0, (SW, Tyzn)}
< 0,(w,BSw) (Since A <1)
Thus BSw = {w}.
Hence Bz = {w}. (Since Sw =2)
Now we prove TBz = {z}.
We have

0,(z,TBz) = lim 0, (SAXzn, TB2)
< lim A.max{ 9, (Xon,2), O, (Xon,SAXzn), J; (2, TBZ),

Vo[ O, (Xan, TBZ)+ O, (2,SAXan)], O, (AXon, B2)}
< 0,(z,TBz) (Since A1<1)
Thus TBz={z}.
Hence Tw = {z}. (Since Bz = {w})
Now we prove ATw = {w}.
We have

0, (w, ATw) = lim &, (BSy,n.., ATW)
< ml A .max{J, (Yan1,W), O, (Yan-1, BSY2n1), 9, (W, ATw),

Y[, (Yons, ATW)+ &, (W,BSY2n1)], Oy (Syan1, TW)}
< 0, (W,ATw) (Since 4 <1)
Thus ATw = {w}.
The same results hold if one of the mappings B, S and T is continuous.
Uniqueness: Let z’ be another common fixed point of SA and TB so that z’ is in SAz’ and TBz'.
Using inequalities (1) and (2) we have
max{ o, (SAZ' z), 6,(z' TBz')}
< 5,(SAZ TBZ')
< A.max{ ¢,(.2), 0,(z,SAZ'), 0,(z',TBZ)),
vi[ 0, (z',TBZ')+ 0, (z,SAZ)], J,(Az'Bz')}
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< A1.0,(Az Bz
< A.max{J,(ATBz, Bz'), 0, (Az, BSAZ')}
4. 8,(BSAZ,ATBZ)
A2 max{ 5, (AZ, Bz), 5, (Az, BSAZ)), &,( Bz,AT Bz,
[ 5, (AZ,ATBZ)+ S, ( BSAZ,BZ)], 5, (SAZ, TBZ) }

<
<

< A% 8,(SAZ, TBZ')
= SAz'= TBZ (since 4 <1)
= SAzZ'= TBzZ'={z'} and Az’ =Bz' = {w'}
Thus SAz' = TBz'=Sw'=Tw'= {z'} and
BSw'=ATw'= Az’ =Bz'= {w'}
We have
0,(z,z') = 6,(SAz, TBZ')
< A.max{ 9,(z2), 0,(z,SAz), 6,(z', TBZ)),
Y3[ 0, (z,TBZ)+ 9, (z',SAz)], 0, (Az,BZ')}
< 9, (w,w)
0, (w, w') = 0, (BSw, ATw')
< A.max {0, (w,w"), J,(w,BSw), &, (W ,ATw'),
Yol 0, (W,ATW')+ 5, (W',BSw)], &, (Sw,Tw') }
< 0,(z,7)
Hence 0,(z,z') < 8,(w, w') < 9, (z,2')
Thusz=7'.

So the point z is the unique common fixed point of SA and TB. Similarly we prove w is a unique
common fixed point of BS and AT.

Remark :2.2 : If we put A=B, S =T in the above theorem 2.1, we get the following corollary.

Corollory 2.3 : Let (X, dy) and (Y, d,) be two complete metric spaces. Let A be a mapping of X into
B(Y) and T be a mapping of Y into B(X) satisfying the inequalities.
5, (TAX, TAX') < A4 max { J, (x,x), &, (X,TAX), &, (x',TAX),
Yo[ 0, (x,TAX')+ 0, (x',TAX)], O, (Ax,Ax’) }
8, (ATy, ATy) £ 4 max { &, (v.y), 6, (Y.ATY), 6, (y ATy,
%[0, (y, ATy )+ 6, (y . ATy)], 6, (Ty,Ty)}
for all x, x"in X and y, y" in Y where 0< A4 < 1. If one of the mappings A and T is continuous, then

TA has a unique fixed point z in X and AT has a unique fixed point w in Y. Further,
Az =Bz ={w} and Sw =Tw = {z}.

Theorem 2.4: Let (X, dy) and (Y, d,) be two complete metric spaces. Let A, B be mappings of X into
B(Y) and S, T be mappings of Y into B(X) satisfying the inequalities.
0, (SAx, TBx') £ A max{ 9, (x,x"), 9, (x',TBx’), J, (Ax,Bx’), %[ J, (x,TBx')+J, (SAx,x")],

[0, (X,SAX). 0, (x',TBx")] / 0, (x,x")}

52 (BSY9 ATyI) S //{’ maX{ 52 (Y,y'), 52 (y,’ATyI)’ 52 (Sy,Ty,), 1/2[ 52 (y,ATyI)+ 52 (Bsyay!)],
[6,(y.BSY). 5, (v . ATy)]/ &, (y.y")}
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forall x, x"in X and y, y" in Y where 0< A < 1. If one of the mappings A, B, S and T is continuous,
then SA and TB have a unique common fixed point z in X and BS and AT have a unique common
fixed point win Y. Further, Az =Bz = {w} and Sw = Tw = {z}.

Proof:

From (1) and (2) we have

5,(SAC, TBD) < A max{ &, (C,D), &, (D,TBD), &, (AC,BD),
15[ 8, (C,TBD)+ 6, (SACD)], [ 5, (C.SAC). &, (D,TBD)] / &,(C,D)}

5, (BSE, ATF)< A max{4, (E,F), 8, (F.ATF), &,(SE,TF),
15[ 5, (E,ATF)+ 8, (BSE,F)], [ 5, (E,BSE). 5, (FATF)] / &, (E,F)}

V C,D eB(X) and E,FeB(Y)
Let Xo be an arbitrary point in X. Then y; € A(Xo) since A: X — B(Y), X;€ S(y,) since
S:Y—= B(X), y.eB(xy) since B: X— B(Y) and x;€ T(y,) since T : Y = B(X).
Continuing in this way we get for n>1, Yon.1 € A(Xan-2), Xon1 € S(Yan-1), Yan € B(X2n1) and
Xon € T(Y2n) . We define the sequences {X,} in B(X) and {y,.} in B(Y) by
choosing a point Xon.; € (SATB)"™'SAX = Xyn1 Xone (TBSA)"X = Xop,
Yon1 €A (TBSA)™'X = Yy and y,ne B(SATB)™'SAX =Y, vV n=1.23, .
Now from (3) we have

O) (Xans1, Xan) = 03 (SAXazn, TBXz0.1)
< A max{d; (Xan, Xon-1), O; Kon1, TBXzn1), O, (AXzn,BXon1),
Vo[ 0; (Xon, TBXon1)* 01 (SAX o0, Xon1)],
[0, (Xon,SAXzr). 07 (Xon1, TBXon.1)] 1 0; (Xan, Xon1)}
= A .max{J; (Xon, Xon1), 0; Kon-1.X2n), Oy (Y2ne1,Y2n),
2| 51 (XanXan)+ 51 (XKan+, X2n-1)],
01 (Xan, Xone1). 07 (Xan1, Xan)] 1 0; (Kon, Xona)}
= A .max{0; Xan, Xon1), 05 (Yone1,Y2n), 2[ O; (Koner, Xon)+ 0; (Kon, Xona)],
5, (XonXons2)}
< A .max{o; (Xan, Xon1), 0, (Yone1,Y2n)} (5)
Now from (4) we have
0, (Yan, Yone1) = 0, (BSY 201, ATY )

< 2. max{ S, (Yans Yar), S, (YauATY20), O, (SYzn, TYa0),
2[5, (Yorr ATY )+ 3, (BSYans, Yar)l
0, (Yon-1,BSY2n1). 6, (Yon, ATY20) I 6, (Yon1, Yan)}
A.max { 0, (Yan1, Yan), O; (Kont, Xon)}

IA

Similarly
0, (Xaon, Xona) < A.max{ O; (Xon-2,Xan-1), Oy (Yan1,Yon)prmmmmmmmmmmmmmmmmmmmcmomcme oo (6)
0, (Yon,Yona) < A.max{ 0,(Yan1, Yana), 07 (Xon1, Xon2)}
from inequalities (5) and (6), we have
01 Xne1, Xn) £ A max { &; (Xn, Xn1) , O, (Yner, Yo) }

< A"max { 9; (X1, Xo) , 9, (Y2, Y1)} — 0 as n—o
AISO 51 (Xn, XI'H' 1) S 51 (Xn, Xn+ 1)
= 9, (X, Xne1) = 0@SN—> 0
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Thus {x,} is a Cauchy sequences in X. Since X is complete, {x,} converges to a point z in X.
Further

0,(2, Xp) £ 6, (z, Xn)+ 01 (Xn, X0)
< 0,(z, X))+ 20, (Xn, Xn+1)
= 0,(z,X;) > 0asn—> o0
Similarly {y.} is a Cauchy sequence in Y and it converges to a point w in Y and
d,(w, Y, —> 0asn— oo.
Now
0, (SAX2nz) < 0, (SAXan Xon) + Oy ( Xan, 2)
< 0, (SAXgn, TBXan1) + 0, ( Xon, 2)
< A .max {0, (Xan, Xon1), Oy (Xan1, TBXzn1), O, (AXanBXan1),
Yo[ 6; (Xon, TBXon1)+ Oy (SAXon,Xan-1)],
[0; (X2n,SAXzn). ) (Xon-1, TBX2n-1)] 1 O (Xan, Xan-1)}
+ 0, (Xon,2) = 0asn— oo.
Thus !m SAX;={z} = l'ﬂ.l SYon+1
Similarly we prove
lim TBxan1= {2} = !m Tyan

n—oo

lim BSyzn.a={w} = lim BXzn1

n—oo n—oo
lim ATy, ={w} = lim Axy,
n—oo n—oo

Suppose A is continuous, then
lim Ax,, = Az = {w}.

n—o0

Now we prove SAz = {z}
We have
0,(SAz,z) < lim 0, (SAz, TBXn.1)

n—oo

lim A.max{ J, (z, Xon-1), O; (Xan-1,TB Xon1), O, (AzZ, Bxon.1),

1/2[ 51 (Z,TBXZn.1)+ 51 (SAZ,XZn.l)],
51 (z, SAZ), 51 (X2n-1,TB Xon1) / 51 (z, Xon1) }

IA

< 0, (z,SAz) (Since A<1)
Thus SAz = {z} = Sw
Now we prove BSw = w.

We have
0,(BSw,w) < lim &, (BSw, ATya,)
< rlllin A max{ &, (W, Yan), Oy (YanATYz20), O; (SW, Tyzn),

Yol 0, (W, ATyan)+ 5, (BSW,Yan)],
0, (W,BSW). &, (Yon, ATY2n) 10, (W, Y2n) }
< 0,(w,BSw) (Since A <1)
Thus BSw = {w} = Bz.
Now we prove TBz = {z}.
0,(z,TBz) < lim 6, (SAX;,TBz)
< lim A .max{ ; (Xn,2), 0,(z,TBZ), J,(Ax2n,B2),

nN—o0
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1/2[ 51 (X2n ,TBZ)+ 51 (SAXZn ,Z)],

01 (Xan ,SAXzn). 6, (2,TBZ) 1 O, (Xan,2)}
< 0,(z,TBz) (Since A<1)
Thus TBz = {z}=Tw.
Now we prove ATw = {w}.

0, (w, ATw) < lim 9, (BSyzn1, ATW)

< lim A.max{ 9, (Yon1, W), 0, (W,ATW), J; (SYan-1, TW),

]/2[ 52 (y2n-1; ATW)+ 52 (BSy2n.1, W)],

0, (Yon1, BSy2n1). 0, (W,ATW) / 0, (Yon1, W) }
< 0, (w,ATw) (Since A <1)
Thus ATw = {w}.
The same results hold if one of the mappings B, S and T is continuous.

Uniqueness: Let z' be another common fixed point of SA and TB so that z' is in SAz" and TBZ'.
Using inequalities (1) and (2) we have

max{ o, (SAZ' z), 6,(z' TB z')}
0,(SAZ' TBZ')
A.max{ 0,(z, Z), 6,(z,TBZ'), 0, (Az ,BZ),
Yi[ 6, (z',TBz')+0,(SAZ, 2')], [ 0,(z,SAZ'). 6, (z,TBZ")] / 6, (2, Z')}
< A.0,(Az ,Bz)
< A.max{3,(ATBz, Bz)), 5,(Az,BSAZ)}
1. 5,(BSAZ,ATBZ)
A2 max{3,(Az.Bz), 5,(Bz, ATBZ), 5, (SAz,TBzZ)
Y[ 9, (z ,BSAZ)+ 0, (ATBZ, )],
0,(z',BSAzZ).0,( 7z ,ATBzZ)/ 6,(z7) }

IANIA

IA A

< A% 68,(SAz TBZ))
= SAz'= TBZ (since 4 <1)
= SAz'= TBz' = {z'} and Az’ =Bz’ = {w'}
Thus SAz' = TBz'=Sw'=Tw'= {z'} and
BSw'=ATw'= Az'=Bz'= {w'}

We have
0,(z,2') = 0, (SAz, TBz)
< A.max{ 9,(z 2, 6,(z, TBZ), J,(Az,Bz),
Yol 0, (z, TBZ')+ &, (SAz, 2)],6, (z, SAZ) .6,(z', TBZ') / 6,(z,Z') }
< 0,(w,w') (Since A <1)
Now

0, (w, w')= 0, (BSw, ATw')
< A.max{o,(w, w),0, (W', ATw"), 0, (Sw,Tw’),
Yol 6, (w, ATW')+ 0, (BSw, W), 5, (w, BSw ). d, (W', ATW') / &, (w, w')}
< 6,(z, 7
Hence 0, (z, z') <0, (w, W) <9, (z, Z')
=>z=7.

| JMER | ISSN: 2249-6645 | www.ijmer.com | Vol. 4 | Iss. 3 | Mar. 2014 | 25 |



Some Common Fixed Point Theorems for Multi valued Mappings in Two Metric Spaces

So the point z is the unique common fixed point of SA and TB. Similarly we prove w is a unique
common fixed point of BS and AT.
Remark: 2.5 : If we put A= B, S =T in the above theorem 2.4, we get the following corollary.

Corollory 2.6 : Let (X, dy) and (Y, d,) be two complete metric spaces. Let A be a mapping of X into
B(Y) and T be a mapping of Y into B(X) satisfying the inequalities.
0, (TAX, TAX') < A max{ 0, (x.x"), 0, (x',TAX'), &, (AX,AX"), Y[ 0, (x,TAX')+ 0, (TAx,Xx")],
[0, (X, TAX).0, (x",TAX")]/ &, (x,x')}
6, (ATy, ATy)< A max{ 5, (y,y"), 8, (y ATy"), 0, (Ty,Ty). 2[5, (y,ATy')+ 5, (ATy,y")],
[6, (Y, ATY). 6, (y, ATy)]/ 6, (y.y)}
forall x, x'in X and y, y' in Y where 0< A < 1. If one of the mappings A and T is continuous, then
TA has a unique fixed point z in X and AT has a unique fixed point w in Y. Further, Az = Bz = {w}

and
Sw=Tw = {z}.

Theorem 2.7: Let (X, d;) and (Y, d,) be complete metric spaces. Let A, B be mappings of X into
B(Y) and S, T be mappings of Y into B(X) satisfying the inequalities.
0, (SAx, TBx') < A. max{ J, (x,x'), I, (Xx,SAX), o, (x',TBx’), J, (Ax,Bx),

0, (X, TBx") o,(SAX, x")

> : > } 1)
52 (Bsy’ ATY') < /I . max{ 52 (y’y’)’ 52 (y’BSy)1 52 (ylaATy,)’ 51 (SYaTY'),
5,(y, ATy") 5,(BSy.y") ) )

2 2
for all x, x" in X and y,y’ in Y where 0 < A < 1. If one of the mappings A, B, Sand T is continuous ,
then SA and TB have a unique common fixed point z in X and BS and AT have a unique common
fixed point win Y. Further, Az = Bz = {w} and Sw = Tw = {z}.

Proof: From (1) and (2) we have
0,(SAC, TBD) < 4 max{J, (C,D), J, (C,SAC), 4, (D,TBD), J,(AC,BD),
0,(C,TBD) ¢,(SAC,D)

: } 3)

2 2

5, (BSE, ATF)< A max{d, (EF), &, (E,BSE), &, (F.ATF), &, (SE,TF),
5,(E, ATF) 52(BSE,F)} "

2 2
Vv C,D €B(X) and E,Fe B(Y)
Let X, be an arbitrary point in X. Then y; € A(Xo) since A: X — B(Y), x;€ S(y,) since
S:Y—= B(X), y.eB(xy) since B: X— B(Y) and x,€ T(y,) since T : Y = B(X).
continuing in this way we get for n>1, yon.1 € A(Xan-2), Xon-1 € S(Yan-1), Yan € B(X2n-1) and
Xon € T(Y2n) - We define the sequences {x,} in B(X) and {y,} in B(Y) by
choosing a point X1 € (SATB)™SAX = Xpn.1 Xsne (TBSA)'X = Xon,
Yon1 €A (TBSA)™X = Yyn1 and Yone B(SATB)™SAX =Y, vV n=1.2,3,
Now from (3) we have
01 (Xons1, Xon) < ) (SAXzn, TBXzn.1)
< A .max{ 51 (Xan, Xan-1), 51 (Xon, SAXzy), 51 (Xan-1, TBXzn1), 52 (AX2n,BXzn1),
51 (X 2n ’TBX 2n—1) 51 (SAX 2n? X 2n—1)

2 2

¥
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= A.max{ &; Xan, Xon1), ) (Xan, Xone1), 0; (Xan1s Xon)y 0, (Yane1,Yan),
0 (Xons Xon) 01 (Xpni1s Xona)
2 ’ 2
< A.max{ 6, (Xan, Xon1), Oy (Kan, Xans1), O (Kants Xan)y 0, (Yanes, Yan),
81 (Koniar Xon) + 6, (X0 Xona) 3
2

}

< A.max{3; Xan1, Xon), Oy (Yons1, Yon)} (5)
Now from (4) we have
5, (Yon, Yon) < 8, (BSYan1, ATY)
< A.max{ 0, ( Yan1, Yan), O, ( Yon1, BSY201), 0, ( Yan, ATY2),
52 (Y2n-l’ ATYZn) 52 (BSYZn-l’ Y2n)

51 (SYZn—L Tan), 2 ' 2 }

S /I . maX{ 52 (an.l, Y2n), 51 (XZn-ly XZH)}

Similarly

0, (Xaon, Xona) < A.max{ O, (Xan-2,Xzn-1), 05 (Yon1,Yon)} - (6)
0, (Yo, Yona) < A.max{ d,(Yan1, Yon2), O; (Ko, Xan2)}

from inequalities (5) and (6), we have
51 (Xn’ ><n+l) < i max{ 51 (Xnv xn-l) ' 52 (Yn+1, Yn) }

<
<

< ﬂ«n. maX{ 51(X0, Xl) y 52 (Y11 Y2) }_) Dasn— oo
AlSo &, (Xn, Xne 1) £ Oy (Xn, Xns 1)

= 0;(Xn Xn+1) > 0aSN—> 0

Thus {x,} is a Cauchy sequence in X. Since X is complete, {x,} converges to a point z in X.
Further

0,(z, Xn) <0, (2, Xa)*+ O, (Xn, Xo)
< 0,(z, Xp)+ 20, (Xn, Xn+1)
= 0,(z,X;) > 0asn—> o0
Similarly {y.} is a Cauchy sequence in Y and it converges to a point w in Y and
d,(w, Y, —> 0asn— oo.
Now
01 (SAX2nz) < 0, (SAXan Xon) + Oy ( Xaon, 2)
< 0, (SAXgn, TBXan1) + 0y ( Xaon, 2)
< A .max{ 0, (Xzn Xzn-1), O; (X2, SAXzn), O; (Xan-1, TBXzn-1), O, (AXan,BXont),
51(X2n ’TBXZn—l) 51 (SAXZn ! X2n—1) }
2 ' 2
+0,(Xon,2) > 0asn— o

Thus lim SAXz,={z} = lim Syzn+1
Similarly we prove
lim TBin_l = {Z} = lim Ty2n
lim BSyan1={w} = lim BXon

1
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lim ATy, ={w} = lim AXy,
Suppose A is continuous, then
lim Ax,, = Az = {w}.

Now we prove SAz = {z}
We have

0,(SAz,z) = lim 6, (SAz, TBXzn.1)

< lim A.max{ 0, (z, Xon1), 9, (2,SAZ), O, (Xon-1,TB Xan.1), O, (AZ, BXon.1),

51 (Z’TBXZn—l) é‘1(8'0‘2 ’ XZn—l)

2 ’ 2 }

< 0,(z,SAz) (Since 4 <1)
Thus SAz = {z}.
Hence Sw = {z}. (Since Az = {w})
Now we prove BSw = {w}.
We have

0,(BSw, w) = lim 96, (BSw, ATy,
< lim 4. max{ &, (W, Ya), &, (W, BSW), &, (Yzn, ATY21), &; (SW, Tyay),

S, (W, ATY,,) 6,(BSW, y,,)

2 ’ 2 }

< 0,(w,BSw) (Since 4 <1)
Thus BSw = {w}.
Hence Bz = {w}. (Since Sw = {z})
Now we prove TBz = {z}
0,(z2,TBz) = rI]|_r)n 0, (SAXzn, TB2)

< lim 4. max{ 6, (Xn,2), &; (Xon,SAXzn), 0, (2, TBZ), O, (AXen, B2),

0,(X,,, TBz) ,(SAX,,,2)

2 ’ 2 }

< 0,(z, TBz) (Since 4 <1)
Thus TBz = {z}.
Hence Tw = {z}. (Since Bz = {w})
Now we prove ATw = {w}.
0, (w, ATw) = Lm 0, (BSyan1, ATw)

< lim A. maX{ 52 (y2n—1, W), 52 (an_l, BSyZn_l), 52 (W, ATW), 51 (Sygn_l, TW),

0, (Yona, ATW) 6,(BSy,,,, W) }
2 ’ 2

< J,(w, ATw) (Since 4 <1)
Thus ATw = {w}.
The same results hold if one of the mappings B, S and T is continuous.

Uniqueness: Let z' be another common fixed point of SA and TB so that z' is in SAz’ and TBZ'.
Using inequalities (1) and (2) we have
max{ o, (SAz' z), 6,(z' TBz')}
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< 0,(SAZ' TBZ)
< A.max{ o0, (z,2), 6,(2,SAZ), 6,(z,TBZ), 5,(Az,BzZ),
0,(z',TBz") o,(SAz',z7")

2 2 }

< 1.0,(Az ,Bz)

< A.max{Jd,(ATBzZ, Bz'), 0, (Az' ,BSAz')}

< 1. 90,(BSAZ,ATBZ))

< A2 max{ 5,(Az, BZ), 8,( Az, BSAZ)), &, (Bz, ATBZ),
0,(Az',ATBz) 0,(BSAz',Bz') )

5. (SAZ. TB2), ,
1 (542, TBZ) 2 2

< 1% 6,(SAZ TBzZ)
= SAz'= TBZ (since 4 <1)
= SAz'= TBz' = {z'} and Az’ =Bz'= {w'}
Thus SAz' = TBz'=Sw'=Tw'= {z'} and
BSw'=ATw' = Az'=Bz'= {w'}
We have
0,(z,2") = 0,(SAz, TBZ')
< A.max{ J,(z, 2", 0,(z,SAz), 6,(z,TBZ'), 0, (AzBz),
0,(z,TBz") 0,(SAz,z")
> 2 3

< 0,(w, w') (since 4 <1)
0,(w, w') = 0,(BSw,ATwW)
< A.max{ 9, (w,w"), J,(w, BSw), o, (W, ATw'), o, (Sw,Tw’),
o,(w,ATW") ,(BSw, w")
2 ’ 2 }

< 0,(z,7') (since 4 <1)

Hence 0,(z, z') < §,(w, w') < 9, (z, 2))

Thusz=2".
So the point z is the unique common fixed point of SA and TB. Similarly we prove w is a unique

common fixed point of BS and AT.
Remark 2.8: If we put A =B, S =T in the above theorem 2.7, we get the following corollary.

Corollary 2.9: Let (X,d;) and (,d,) be two complete metric spaces. Let A be a mapping of X into Y

and T be a mapping of Y into X satisfying the inequalities.
0, (X, TAX') &, (TAX,Xx") )

0, (TAx, TAx') < A .max{ J, (x,x"),J; (X, TAX), 5, (x',TAX’), 0, (Ax,Ax"),

2 2
o,(y, ATy') o,(ATy,y'
6, (ATY,ATY)< A .max{ 5, (v.y"), 6, (V,ATY), 5, (v, ATy"), 6, (Ty,Ty"), Y 5 Y) % 2y y)}

for all x, x"in X and y,y’ in Y where 0 < A < 1. If one of the mappings A and T is continuous, then
TA has a unique fixed point z in X and AT has a unique fixed point w in Y. Further,
Az =Bz ={w}and Sw=Tw = {z}.

1
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Theorem 2.10: Let (X, dy) and (Y, d,) be complete metric spaces. Let A, B be mappings of X into
B(Y) and S, T be mappings of Y into B(X) satisfying the inequalities.
0,(x, TBx") 0,(SAX,x")
2 2
[0, (X,SAX). 0, (x',TBx")]/ 0, (x,x) } ------- 1)

o,(y, ATY") 6,(BSy,y’
5, (BSy. ATy) < 1. max{ 5,5y, 5, (BSy). 6,(5y.Ty), 22U > Y) % 2y Y)

[5,(y.BSY). 8, (Y, ATy)]/ 8, (y.y') } === (2)
for all x, X" in X and y,y’ in Y where 0 < A < 1. If one of the mappings A, B, S and T is continuous ,
then SA and TB have a unique common fixed point z in X and BS and AT have a unique common
fixed point win Y. Further, Az = Bz = {w} and Sw = Tw = {z}.

0, (SAx, TBx') < 4. max{ J, (x,x), 0, (X,SAX), 0, (Ax,Bx’),

Proof: From (1) and (2) we have

5, (SAC, TBD) < A max{J, (C,D), &, (C,SAC), J,(AC,BD), 4,(C,TBD) 4,(SAC,D)

2 2
[0,(CSAC). 6,(D,TBD)]/ 6,(CD)} - ©)
0, (BSE, ATF)< A max{ d, (EF), &, (E,BSE), 6, (SE,TF), 8, (E, ATF) | 52(BzE,F)
[J,(E.BSE). J,(F,ATF)]/ 6,(EF)}  -------m (4)

Vv C,D e€B(X) and E,Fe B(Y)
Let X, be an arbitrary point in X. Then y; € A(Xo) since A: X = B(Y), x;€ S(y;) since S: Y — B(X),
Y, € B(Xy) since B: X— B(Y) and X, T(y,) since T : Y — B(X).Continuing in this way we get for
N>1, Yon1 € A(Xon-2), Xon1 € S(Yon-1), Yon € B(Xon1) and Xo, € T(Y2n) . We define the sequences {Xx,} in
B(X) and {y.} in B(Y) by choosing a point X,,.1€ (SATB)"'SAX = Xon1 Xone (TBSA)"X = Xap,
Yon1 €A (TBSA)™'X = Yonq and yone B(SATB)™'SAX =Yy, vV n=1.2,3, .

Now from (3) we have
01 (Xons1, Xon) < ) (SAXzn, TBXzn.1)

51(X 2n ’TBX 2n71)

< ﬂ“ .max{ 51 (in, X2n—1)1 51 (X2naSAX2n)v 52 (AXZnaBXZn—l)a 2

0, (SAX 30, X o0 1)
2

’ [51 (X2n,SAX2n)- 51 ( XZn-ly TBXZn-l)] / 51 (XZny xZn-l)}

5,(X 50 X
= ﬂ, . max{ 51 (in! X2n—1)1 51 (X2n1 X2n+l); 52 (Y2n+lyY2n)a M '

2
51(X2n+1’
2
< A.max{ &, (Xan, Xon-1), O; (Xan, Xons1), 0, (Yane1,Y2n), 0,
81 (Xanirr Xan) + 61 (Xons Xpn1)
2

X
2n1) L8, (KanXonis). I Kans,Xan)] 1 Sy (Ko Xona) 3

) 51 (X2n1X2n+1) }

S ﬂ' * maX{ 51 (in-ls in)1 52 (Y2n+]_; Y2n)} (5)
Now from (4) we have
Sy (Yaom Yore1) < 8, (BSY2n1, ATY2)

52 (Y2n-l7 ATYZn)
2 Ll
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52 (BSY2n-1 ' YZn)
2
< A. max{ 52 (Y2n-11 an), 51 (X2n—ly XZn)}

,[52 (Y2n—1yBSY2n—l)- 52 (YvaATYZn) / 52 (Y2n—1y Y2n) }

Similarly
Oy (Xon Xon1) < A max{ 0, (Xzn2,Xan1), 05 (Yan1,Y2n)} - (6)
0,(Yon,Yon1) < A.max{ &, (Yan1 Yan2), 0 (Xon1, Xon2)}

from inequalities (5) and (6) we have
01 (Xn, Xns1) £ A max { 0, (Xn, Xn1) » 9y (Yner, Yn) 3

< AN max { J, (Xo, X1), J,(Y1, Y2) }—> 0asn—
AlSo 8, (X, Xne 1) £ Oy (Xn, Xns1)

= 0;(Xn Xn+1) > 0aSN—> 0

Thus {x,} is a Cauchy sequence in X. Since X is complete, {x,} converges to a point z in X.
Further

0,(z, Xn) <0, (z, Xn)*+ O, (Xn, Xn)

<6, (z, X))+ 20, (Xn, Xns1)
= 0,(z, X)) > 0asn—> o0
Similarly {y,} is a Cauchy sequence in Y and it converges to a point w in Y and
0,(W, Y, = 0asn— oo.
Now
0, (SAX2n2) < 01 ( SAXon, Xon) + O ( Xon, 2)

< 0, (SAXgn, TBXan1) + 0, ( Xan, 2)

0. , 1B
<c.max{ 0; (Xon, Xon-1), O; (Xon,SAXzn), O, (AXan,BXan.1), 1O 5 Xen-1) )
51 (SAXZn ! X2n—1)

2

1[51 (X2n, SAXzn). 51 (X2n-1, TBX2n-1)] / 51 (Xan, Xon-1) }

+ 0,(Xzn, 2) > 0asn— o
Thus lim SAX,,={z} = lim Syzn+1

Similarly we prove
lim TBXona= {2} = lim Ty,,

n—> N>
!]T;‘O BSyon1={w} = !]I_I‘)I;IO BXon1
!irg ATy, ={w} = !lrg AXy,
Supposz A is continuous, chn
lﬂl Axon = Az = {w}.
Now we prove SAz = {z}

We have
0,(SAz,z) = lim 6, (SAz, TBXzn.1)

< lim 4. max{ &, (z, Xan1), 0, (z.SA2), 5, (Az, BXan1), 51(Z,TBx2n_l),

n—o 2

0,(SAZ, X,,.
w 10, (2, SAZ), &, (Xen1,TB Xan1) / 6 (2, Xan1) }

1
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< 0,(z,SAz) (Since 4 <1)
Thus SAz = {z}.
Hence Sw = {z}. (Since Az = {w})
Now we prove BSw = {w}.
We have

0,(BSw, w) = lim 9, (BSw, ATy,,)
< lim A max{ J, (W, yzn), &, (W, BSW), J, (Sw, Tyzn), S,(W,ATY,, ) ,

n—o 2

o, (BSw,
% 8, (W,BSW). 8, (Yan, ATY20) 1 8, (W, Yan)}

< J,(w,BSw) (Since A <1)
Thus BSw = {w}.
Hence Bz = {w}. (Since Sw = {z})
Now we prove TBz = {z}
0,(z2,TBz) = rI]|_r)n 0, (SAXzn, TB2)
< lim 4. max{ 0; (Xzn,2), &; (Xon,SAXzn), O, (AXzn, BZ), w

0,(SAX,,,2)
2
< 0,(z, TBz) (Since 4 <1)
Thus TBz = {z}.
Hence Tw = {z}. (Since Bz = {w})
Now we prove ATw = {w}.
0, (w, ATw) = l'iil 0, (BSyan.1, ATw)

, 01 (Xan ,SAXzn). 6, (2,TBZ) / O, (X2n,2)}

< lim A .max{J, (Yan-1, W), &, (Yan-1, BSY2n1), O (SYzn1, TW),

52 (y2n—1’ ATW)
noseo 2 ’
5, (BSY 504, W)
2
< 0,(w, ATw) (Since 4 <1)
Thus ATw = {w}.
The same results hold if one of the mappings B, S and T is continuous.

, 0, (Yan-1, BSYan1). 0, (WATW) / 6, (Yon1, W)}

Uniqueness: Let z' be another common fixed point of SA and TB so that z’ is in SAz" and TBZ'.
Using inequalities (1) and (2) we have
max{ o, (SAZ' z), 6,( 2’ TBz)}

< &, (SAZ TBZ)

<A .maX{ 51 (Z,, Z'), 51( z',.SA Z'), 52 (A 7z',B Z’), @,
W [6,(z SAZ").0,(z,TBz")]/0,(z,Z) }

< A.68,(A7,B7)
< A.max{J,(ATBz, BZ), &,(Az,BSAZ)}
< A. 8,(BSAZ,ATBZ)
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0,(Az', ATBz)
2 )

, 0,(2',BSAZ).0,(z,ATBZ')/ 0,(',2')}

< 1%max{J, (A7, Bz, 5,( Az, BSAZ), &, (SAZ, TBZ)),

0,(BSAz',Bz")
2
< 1% 5,(SAZ TBzZ)
= SAz'= TBZ (since 4 <1)
= SAz'= TBzZ' = {Z'} and Az’ =Bz' = {w'}
Thus SAzZ'= TBz'=Sw'=Tw'= {z'} and
BSw'=ATw' = Az'=Bz'= {w'}
We have
0,(z, z') = 0,(SAz, TBZ')

< ) max{ 8. (. 7). 5, (2.5A2), 52(AZ,BZ'),@,

% 0, (2, SA2) .6,(7, TBZ) | 6, (2, 7)}

< 0, (w, w') (since 1<1)
0, (w, w') = 0,(BSw,ATW)
0, (W, ATwW')

< A.max{ J,(w,w'), 0, (w, BSw), 9, (SW,TW'),#,

0, (BSw, w'
% ,0, (W, BSW). 0, (W', ATW') / 0, (W, ')}
< 0,(z,7') (since 4 <1)
Hence 0,(z, z') < §,(w, w') < 9, (z, 2))
Thusz=7'.
So the point z is the unigue common fixed point of SA and TB. Similarly we prove w is a unique
common fixed point of BS and AT.

Remark :2.11 : If we put A= B, S =T in the above theorem 2.10, we get the following corollary.

Corollary 2.12: Let (X,d;) and (Y,d,) be two complete metric spaces. Let A, B be mappings of X into
B(Y) and S, T be mappings of Y into B(X) satisfying the inequalities.

o, (X, TAX') o, (TAX, X'
0, (TAx, TAX") < A . max{J, (x,x), &, (X,TAX), &, (Ax,Ax’), i 5 ) , (T 5 )

[0, (X, TAX). 0, (x,TAX)]/ &, (x,x) }
0, (y,ATy") o,(ATy,Y!'
S,(ATy, ATy) < 4. max{ &, (y.y), 5, (Y,ATy), & (Ty,Ty), =2 by 5 Y) &l 2y Y)
[6, (V.ATY). 6, (Y. ATy)]/ 8, (y.y) }
forall x, x"in X and y, y" in Y where 0 < A < 1. If one of the mappings A and T is continuous, then
TA has a unique fixed point z in X and AT has a unique fixed point w in Y. Further,
Az =Bz = {w} and Sw = Tw = {z}.
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