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Abstract: This paper deals with the queuing system M/M/1 with additional servers for a longer queue.
Clearly the traffic intensity for this system will depend on the number of additional servers. The expected
number of customers in the system, the probability of the additional of one server and the probability of
the additional of two servers are obtained under the assumption that the number of additional servers
depends on the number of customers in the system. The condition under which the M/M/1 queuing system
with additional servers is profitable is discussed. A MATLAB program is used to illustrate this condition
numerically. Finally, the maximum likelihood estimators of the parameters for this queuing system are
obtained.
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I. Introduction
In many queuing situations, normally the number of servers is dependent on the queue length. For
instance, in a bank more and more windows are opened for service when the queues in front of the already open
windows get too long. This procedure is sometimes used even in the case of airlines, buses, etc. The basic
advantage in such a system is the inherent flexibility of service. Here we shall consider a simplified system of
this type.

Suppose we deal with a queuing system in which the arrivals are individually in a Poisson process with
parameter A, and service times of customers are negative exponential with mean ™. The first customer to come
is the first to be served. As long as there are enough customers for service. As long as the number of customers
in the system is greater than or equal to zero and less than or equal to N, there is only one server in the system.
As the number of customers in the system increases to more than N and is still less than or equal to 2N, an
additional server is added. This additional server is removed when the number of customers in the system
decreases to N or less. As soon as the number of customers in the system goes beyond 2N, the number of servers
will be three. Similarly, the third server will be taken off when the number of customers falls to 2N or below.
Let A, and W, be the arrival and service rates, respectively, when there are n customers in the system and so, for
the described queuing model, we have

A =A for every n>0,
u: if0=n=N,
{EM: if N = n = 2N,
ty= L 3w ifZN <n .
where, &, pand 2 = (/& be the arrival rate, service rate and traffic intensity respectively.

Il1. System Equations

Assuming the limiting distribution of the number of customers in the system to be {Fn }. We obtain the
following steady-state equations.

AFp = uPy
(+u)Fn = (Fyin— 1)+ pFy(n +1) 1<n<N ,
((F2 PN = (Py(N = 1) 4+ 2uP,(N + 1)
(F2p P =(Fm— 1)+ 2uFn +1) N<n<i2N
(4211 )B,2N = (P, (2N — 1) + 3uP,(2N + 1)
(F3p P =(Fm—1)+3uFn+1) n=2N
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Solution of the System Equations
This system of equations can be solved recursively, or by using the general solution for single
Markovian queuing models which is given as follows
For 0<n<N; B
Py =My(i=0)"(n - 1) K(Qi/w@+1))P,0 ¥
=Ww"Fo o (writing M =2 )
=p"Fy . (2.1)
For N<n<2N ; B
Py =My(i=0)"(m— 1) K(Gi/m@+1))P0 3
=[ME=0(N-1) E(Gi/w@+1))) MGE=N)'m-1) EGi/mGE+1))1 (R
= (MW" (v2p)™ Po
1
p"Py

:2n—N
For 2N<n;
Py =My =0)'(m— 1) K(Gi/ @+ 1D)HP0 3

2.2)

[
MG = 0)'(N — 1= K(Gi/ mG+1))3 M= NTEN - 1= EiZw@+ 1)) M6 = 2N)(n - 1)5 E(G7 wy( + 1))3
1Fo
= (MW" (2. (M/3p)" N Py
1

n
T —r P
=gNgn-2v PO (2.3)
o
F,=1
Now, to determine Fa we can use the normalizing condition n=0 and equations (2.1),(2.2) and
(2.3) as follows
N N o N N 1
Z p"Po Z san P Fo Z Ngaaw P Fo -1 Z P’ nx P
=n=10 +n=N+1 +n=2N=+1 a = n=0 + n=N=+1 +
- 1
n
Z 2N gn-IN p
n=IN=1
Yo 0 sl
4P 2 2/ 3N 4L \3
= n=0 + n=0 + n=10
SNl _ P N
1— N1 P (1 'EJ ) S IN+1
= 1-p + 2-p +2%3 - p)
1 SNl p2N+1
_1-0n {1—p}'2‘.—p'_ 2Ni2-pli3-p
2 — p— N+l B p2N+1
Pot =(1-p)2-p1 2¥2-pi3-p) (2.4)

I11. Profitable of using Additional Servers
Suppose the cost to the system due to the presence of a customer is $C, and the cost of bringing in an

additional server is $C,. It is profitable to use the additional server only if its cost is less than that due to the
waiting customers see [4].
Let Q be the long-run queue length of the standard queue M/M/1 with the same parameters. It is evident that the
M/M/1 queuing system with additional servers is recommended only if

) C1[E(Q)-E(Q1)I>Co[P(N<Q1<2N)+2P(2N<Qy)], (CRY)
where,

E(Q)=Expected number of customers in the system for the queuing model M/M/1 with no additional

servers (standard).

E(Q1)=Expected number of customers in the system for the queuing model M/M/1 with additional servers.
We have
__________________________________________________________________________________________________________________________________|
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o
npl]
E(Q) =i=0
[eal
Z np"pg
=n=0
=1-r. (3.2)
Also,
o N 2N o
n 1 n 1 n
L Z“P Py Z nzﬂ—NP Py Z ﬂmp Fy
E(Ql): n=0 = n=>0 +n=N=+1 +n="N+1 .
(3.3)
Now we have to find
N N
n i;‘ n-1
Z np"Py  Fop ) np
n=0 = n=0
N
P‘ Piz PI]
0 dp
= n=0
Fap
= (1= pr 2 aNe™ N+ .
(3.4)
Similarly,
4N
2N _ =
1 n d Nedl 1 (2)
Z n p" Py [} 2]
2n-N N2 R (—) 1-£
n=N+1 =2 dp [\2 Z )=
N+l
iZ—-p )2 Py [2(N+1) . 2_N+1(2N+1)_-'3"N CNE 4N N.-DN_i ] (35)

And

o
n=2ZN+1

2N
(3.6)

E(Qu) = #Fo {
N

[

+(2—p)% (N+1) - 2™ 2N+1)2™ — N2+ 2N Ne YT
zN

+2
= PPD [
(3.7)
where

1 IN+1 .
Z “2N3n—ENPuP':' 3 p, - (ot 1

2N 7 %dp [l-.E.-l i-p)=
_oN+1

2 _p
G- " [3@N+1)-2nal

Substituting by (3.4) , (3.5) and (3.6) into (3.3) it follows that
1

(1 - 2) [1+Ne™ 1 (N+1)e N ]

1

]

=
[

@ - p)? [3(2N+1) —2Ne] 3

AN E1-p)d 2 KE-d"2 EGB-p)72) ]

A= 2V (2-2 )4(3-0 ) [1+NP T (N+1)2 Y ]

+ 2N (@2 @2 AN 2(N+1) - 2V RN+)eY N2+ 2NN

+ (12 )

1

]
-7 2% [3(2N+1)-2NP ].

Also, we have to find the probability of the additional of one server,
F N

2N .

AT
o E L o
"-:"". 2;-_.__‘\' ‘Hﬂ

P, (:'-.'- < l?j_ = 2N ): n=nN+1 —n=N+1
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N n
a2 ) (3)
= n=N+1
2y
)
N I (39

And the probability of the additional of two servers ,
o

i

e (3.9)

recommended only when
Cs E(Q) - £(Qy)
€y <B(V < Qy 2N} 4+ 2E.(2N < Q4)

)

o R A
I-p 7 [2-" Q- p)2-p)%06 - P}:]
R
< FTTE) "TE-A

oo [1%i i_.D 2 (- ,.9}2'[2‘1— £ 3 - F‘F]

EEC

2-p T 27E-5

Fro

<

n—1
o _ Fir |
1-p 2¥(1-p)2(2-p)3(3 —p)*
(3—p)o™(2Y —p")+ 22— p)o*V )
< 292 — o3 - 2)
Substituting by (2.4), we get
Cq 2—p—ptt P :
Ci< [1-0P2-p) 2V(A-p)2-p)3-p) 2V(1- )32 - 0)3(3 - 0)7]
27(2 - p)(3 - p)
[(G— PP (@Y — p¥)+ 2(2 — p)p3 ]
2803 = o2—p— _.'_',"\'._1} 3 _.'_',':'T_i 3 A
<[ (1-p)* -5 Q-p2C-pM3-p)
1
[(3 = p)e™ (2 — p™)+ 2(2 = p)p?
1 272 -p)3-p) 25— ") — (1 - pl2- )3 p)p™7t — 4
<l-pgp (1 - pN2—p)3 - p)(E — p)p™ (@Y — p¥) + 2(2 — p)p*¥] 1
Substituting by A from equation (3.7)
Cz 1 v 2= —0""1 - (2-0)
—= 202 = p)3 = p)* P .- e
':1 < 1— o { {: L }( L } (1 + ‘.\.P.‘- +1 _ {.'«' + 1}.'9_‘- }
S (=P [B-R) PN+ 1+ (L= 22 = 2PN (3(2N+1) - 2N F )]
SN (L 3P PP [2(N+D) - 2N NPT NP 42NNy
(1—pM2—o)3- o3 - 2)p™ (@Y — p™)+ 202 - p)p*"] |
This can be simplified to

_IN+1

A
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Cq 1

-

Cy <(1— oG- 2)2" — ")+ 22— 5)5"1]
27(3 — )2V 4+ 1) — (3N + 2)0 + Np]

{ 1-9)
2¥(1 = p)(3 = pI[ 20N + 1)= 27¥F2N + 1)pY - No+ 279 F2 N7 4]
B (2 — /)
pY[6(2N + 1) — 2011N + 3)p + (12N + 5152 — 2N 5%]
(3-5) } (3.10)

From this inequality, depending on the decision variable, the largest value of C,/C; can be determined when

£ and N are given. Table (1) has been obtained from the inequality (3.10) for the purpose of illustration.
MATLAB program is used to perform these calculations.

Table (1)

IN? 0.1 0.2 0.3 0.4 05
1 4.1765 46119 5.1762 5.9293 6.9778
2 6.5671 7.4620 8.5872 10.0580 12.0807
3 8.8032 10.0205 11.5852 13.6639 16.5562
4 11.0264 12.5286 14.4718 17.0736 20.7233
5 13.2486 15.029 17.3346 20.4265 24.7769

From this table, we can conclude that for any given value of N, the largest value of £z /1 decreases
with decreasing values of # , that is with increasing values of service rates. The basic advantage in such a
system is the inherent flexibility of service. Then there exists an optimal stationary policy (resulting in the least
long-run expected cost) characterized by a single positive finite number N such that it is optimal to use the slow
service rate ¥ when the number of customers in the system is less than or equal to N, faster service rate 2%

when the number in the system is greater than N or less than or equal to 2N and more fast service rate 34 when
the number in the system is greater than 2N.

I11. Maximum Likelihood Estimators of The Parameters
To find the likelihood function it is necessary to find the three basic components see [5].

it =F

[

1. the stationary distribution of number of units in the system with contribution ros % Bl
2. the interarrival times of length t; [each of which is exponential for n  arrival units with contribution

( -[t;
(1_1[ T

3. the service time of durations t; for k units with contribution i=1 ) .
Hence, the likelihood function may be written as.

4

i=1 §=1. ;= [(,_.'..!] y

il - K - 1 .
l_[[::' ["-l_[_ug ‘“'-—23.3_“_:_‘. Py
=i=1 1 :

_ _ _ (hse equation (2.3))
=P,0 &"(—"(" T} &' (—ut) ("(n + w) u"(k — ) k1 ’
where ,

"

o

T=i=1 ,t=i=1 andk;isa constant.
Thus
In[L(81] =InF 0 — (T — ut + (n + win(+(k — w)iny + Ink)1.
By partial differentiation with respect to { and , respectively, and equating the results by zeros, one can
obtain

| JMER | ISSN: 2249-6645 | www.ijmer.com | Vol. 4 | Iss. 5| May. 2014 | 5 |



The Queue M/M/1 with Additional Servers for a Longer Queue

na U
~(Kpamc/oqd =6y = (] =0 (4.1)
and
[Séni] _[aénFﬂ k— u]
Bl U|——t+—=
u Jaz= 7| B i 1=0 , (4.2)

where { and QUOTE &£ are the maximum likelihood estimators for the parameters A and & , respectively.

To obtain { and £ we need to use the following important theorem
THEOREM (4.1),
For the birth-death process with rates, namely 0% (1 = (g1 |0 £ u, = u7; for n positive integer and
both &= @nd %; are bounded functions of n [1],
We have
8inFy
E() = —((8InP,0)/6( =" du |
where fa = delay probability and
E(n)= expected value of n .
Proof: It is clear that -
BP0 Myli =0T n — 100 fuyi + 1) Vnzl
Fo= K142 (=1 " [ =0)'(r— 1) (/wCG+ 1] (-1)
Case (i): putting (f = (94% , it follows that B
BR=KR+z (=20 E(aME=0"n-1)g:u+1)A]T(-1)
Taking the logarithm of both sides of this equation and differentiating the resulting equation partially with
respect to { vield - ~
—(8InP10)/6( =P,0 [3y(n = DToes Knftn— 1) Myt = 0)T(n— 1) g,/ + 1) ¥ ]
But,
E(n) =3,(n = 1) 00" [nPyn = P10 [Ty(n = Voo Knl[L( = 0)7(n — 1) (ui/eaG + 1) X 13
Therefore, it follows that
E(n) = —( (3InP,0)f3(
Case (ii): putting “: = 47 it follows that -
BR=El+zm=0% Eife" Me=0"(- 1) 0i/c+ 1) 113 7(-1)
Taking the logarithm of both sides of this equation, it follows that -
Infy ==In[1+ 3,(n = DToo” K1/u™n MG =0T — 1) QifrG+1) 1 ]

Therefore,
8inF,
Gu =P0 [Eyn=1Too= En/u'(n+1) M= 0)'(n— 1) (i/mGE+1) 1]
Hence,
8inFy
_.'.4

3

du =Py0 [3y0n=1Too= Enju'n =0T — 1 (i/frG+1) 1]
Thus, it is evident that
8InF,

E(m) =~ du |
Hence, the theorem is proved.
Using theorem (4.1), equation (4.1) can be written in the form
— (" (8P 0Y)3(H(T—(n+u) =0,
E)+ (T—(+w)=0

~ 1
T(in )= En] “3)
Also, by using theorem (4.1), equation (4.2) can be written in the form
Qidnp _
— — ut+ik—uw =10
oul

E)— at+ G—w) =0 ,

]
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(4.4)

1
= + 2]

Where £{n) is the maximum likelihood estimator of E(n)
btaining the value of () from each of the equations in (4.3), (4.4) and dividing the resulting values yields

=

From (4.3)
TC=(n+uw) - E(n).

Em)=(+u)-T(C .

From (4.4)
ti=(k—u)+EM)
E"( )=ti—(e—u)
tw = (k= )/(-TC+m+uw) =1 (4.5)
Recalling that £, the maximum likelihood estimator of the traffic intensity 2 , is given by #~ = (/&" and
using equations (4.3), (4.4)
=0/ =0l + ) - ED/TLE -0 + E7 )] (4.6)
This equatlon can be written in the form
[+ u— EG0] - aT[i —u+ Ec)] = 0 @)
Consider the special case M/M/L on replacing £ () by 1 = £ into equation (4.7)
r[n+u—1f;]—pT[k—u+1j§]:ﬂ
tfin+ )1 - -A-lk—u)1-H+7=0
Th—u—1)2 - [tn+u+ DI+ T—wls+ tin+u)= o (4.8)
Replacing (k-u-1) and (n+u+1) by (k-u) and (n+u), respectively, in (4.8) yields
Tk—w)g® —[tn+ )+ TR —wls+ tin+u) =0,
T(k—wd(5— 1) —tin+ w5 — 1) =0
=Tk —u)f—tin4+ul] =0 (4.9)
Tk—u)i—tin+u)=10
(4.10)

Then
. tHn + u)

’ T —u)
is a solution for the modified equation (4.9) of degree two in £. Using (4.5) and (4.10) it follows that

o= 4 W) T — ) =t — (k= ) (=TC + (n+ )

=2+ ) -+ )/ CT2 -+ THE— 0+ 0) .
~TT2 POk —W) + Tk —wWn+w) =2 (n+ 1) — tk—wW(n+ )
12 0+ ) + T2 /(- w) = ( + 2)(k — [T + £ (4.11)
Tofind &, put C = 2%" into equation (4.11)

HEin+ W)+ T35k —uw) = (n+ Wk —WI[TF+£].

; 4wk —ul[T5+ ]
ST Pt w4+ TRk —w)

(n + u)k _[ —H__LL'.'.—]

2 , 2+
t*n+u + T %{k—u}
k —u]

(use equation(4.10))

_tn+un+u~+
tin+u
t'n—ul[t— —
_ n+tk
- t_,[.tln—uI
Tik —u) (from equation(4.10))

Thus
L
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n+k
t+Tp 4.12)
To find (- put #~= (/2" into equation (4.12)

Clem = m+k)/(Tp™+ 1)

- 'gln—kl

-
u =

Tp+t (4.13)
Then, by using (4.10) it follows that
._nt+tk k—u
"TTert ot
(4.14)

C=0Em+k)/Tp +t) =@ +u)/T
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