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Abstract: In general topology many strong and weak forms of open and closed sets have been defined
and studied. Govindappa Navalagi introduced the concept of semi a-open sets which is a weaker form of
a-open sets. Semi*a-open set is defined analogously by replacing the closure operator by the
generalized closure operator due to Dunham in the definition of semi a-open sets. In this paper we
introduce a new class of sets, namely semi*a-closed sets, as the complement of semi*a-open sets. We
find characterizations of semi*a-closed sets. We also define the semi*a-closure of a subset. Further we
investigate fundamental properties of the semi*a-closure. We define the semi*a-derived set of a subset
and study its properties.
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I. INTRODUCTION

In 1963 Levine [1] introduced the concepts of semi-open sets and semi-continuity in topological
spaces. Levine [2] also defined and studied generalized closed sets as a generalization of closed sets. Dunham
[3] introduced the concept of generalized closure using Levine's generalized closed sets and defined a new
topology T and studied its properties. Njastad [4] introduced the concept of a-open sets in 1965. In 2000
Navalagi [5] introduced the concept of semi a-open sets by considering a-open set instead of open set in the
definition of semi-open set. Hakeem A. Othman [6] introduced and studied various concepts concerning semi
a-open sets. Since then, various notions of semi a-open sets have been studied. Pasunkili Pandian [7] defined
and studied semi*-preclosed sets and investigated its properties. The authors [8] have recently introduced the
concept of semi*a-open sets and investigated its properties in the light of already existing concepts and results
in topology. The semi*o-interior of a subset has also been defined and its properties studied.

In this paper, we define a new class of sets, namely semi*a-closed sets, as the complement of semi*a-
open sets. We further show that the class of semi*a-closed sets is placed between the class of a-closed sets and
the class of semi a-closed sets. We find characterizations of semi*a-closed sets. We investigate fundamental
properties of semi*a-closed sets. We also define the semi*a-closure of a subset. We also study some basic
properties of semi*a-closure. Further we define the semi*a-derived set of a subset and investigate its
properties.

Il. Preliminaries

Throughout this paper (X, 1) will always denote a topological space on which no separation axioms
are assumed, unless explicitly stated. If A is a subset of the space (X, 1), CI(A) and Int(A) denote the closure
and the interior of A respectively. Also F denotes the class of all closed sets in the space (X, 1).
Definition 2.1: A subset A of a space X is
(i) generalized closed (briefly g-closed) [2] if CI(A)<U whenever AcU and U is open in X.
(ii) generalized open (briefly g-open) [2] if X\A is g-closed in X.
Definition 2.2: If A is a subset of X,
(i) the generalized closure [3] of A is defined as the intersection of all g-closed sets in X containing A and is
denoted by CI*(A).
(ii) the generalized interior of A is defined as the union of all g-open subsets of A and is denoted by Int*(A).
Definition 2.3: A subset A of a topological space (X, 1) is
(i) semi-open [1] (resp. semi*-open [9] ) if there is an open set U in X such that USACCI(U) (resp.
UCACCI*(U)) or equivalently if ACCI(Int(A)) (resp. ASCI*(Int(A))).
(i) a-open[4] (resp. preopen [10]) if A<Int(CI(Int(A)) ( resp. ASInt(CI(A)) ).
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(iii) semi a-open [5] (resp. semi*a-open [8] )if there is an a-open set U in X such that UCACCI(U) (resp.
UCACCI*(U) or equivalently if AcCI(Int(CI(Int(A))))(resp. AcCl*(alnt(A).)

(iv) semi-preopen [11](resp. semi*-preopen [7] ) if ASCI(Int(CI(A))) (resp. ASCI*(pInt(A)) ).

(v) semi-closed [12](resp. semi*-closed[13], preclosed [10], a-closed [4] , semi a-closed [6] and
semi*preclosed[7] ) if Int(CI(A))SA (resp. Int*(CI(A))SA, CI(Int(A)cA, CI(Int(CI(A)cA
Int(CI(Int(CI(A))))<A and Int*(pCI(A))SA).

The class of all semi-open (resp. a-open, semi-closed, preclosed, semi-preclosed, semi*-preclosed, semi*-open
and semi*-closed) sets is denoted by SO(X, 1) (resp. aO(X,t) or 1% SC(X, 1), PC(X, 1), SPC(X, 1), S*PC(X, T),
S*O(X, 1) and S*C(X, T1)).

Definition 2.4.[13] Let ASX. An element xeX is called a semi*-limit point of A if every semi*-open set in X
containing x intersects A \{x}.

Definition 2.5.[13] The set of all semi*-limit points of A is called the semi*-derived set of A and it is denoted
by De(A).

The other forms of derived sets are similarly defined. The derived set, semi-derived set, pre-derived set, a-
derived set, semi o-derived set, semi*a-derived set, semi*pre-derived set and semi-pre-derived set of A are
respectively denoted by D[A], sD[A], pD[A], aD[A], saD[A], s*aD[A], s*pD[A], and spD[A].

Definition 2.6: [2] A topological space X is Ty, if every g-closed set in X is closed.

Definition 2.7: A topological space (X, a) is called an a-structure if aO(X,t)=r.

Definition 2.8: [3] If (X, T) is a topological space, let T be the topology on X defined by the Kuratowski
closure operator CI*. That is, T*={UcX : CI*(X\U)=X\U}.

Theorem 2.9: [3] If (X, T) is a topological space, then (X, %) is Ty.

Definition 2.10: [14] A space X is locally indiscrete if every open set in X is closed.

Definition 2.9: [14] A space X is extremally disconnected if the closure of every open set in X is open.
Definition 2.11: [15] The topology on the set of integers generated by the set S of all triplets of the form {2n-1,
2n, 2n+1} as sub base is called the Khalimsky topology and it is denoted by k. The digital line equipped with
the Khalimsky topology is called the Khalimsky line. The topological product of two Khalimsky lines (Z, k) is
called the Khalimsky plane (7?2, k).

Theorem 2.12: [8] In any topological space,

(i) Every a-open set is semi*a-open.

(ii) Ewvery open set is semi*a-open.

(iii) Every semi*-open set is semi*a-open.

(iv) Every semi*a-open set is semi a-open.

(v) Every semi*a-open set is semi*-preopen.

(vi) Every semi*a-open set is semi-preopen.

(vii) Every semi*a-open set is semi-open.

Theorem 2.13: [8] If A is a subset of a topological space, then the following statements are equivalent:

(i) A is semi*a-open.

(ii) AcCI*(alnt(A)).

(iii) CI*(A)=CI*(alnt(A)).

Theorem 2.14: [8] In any topological space, arbitrary union semi*a-open sets is semi*a-open.

Theorem 2.15: [8] If A is semi*a-open in X and B is open in X, then ANB is semi*a-open in X.

Theorem 2.16: [8] If A is semi*a-open in X and Bc<X is such that alnt(A)cB<CI*(A). Then B is semi*a-open.
Theorem 2.17:[8]If A is any subset of a topological space X, then s*alnt(A) is precisely the set of all semi*a-
interior points of A.

Remark 2.18:[8] : ()If (X, 1) is a locally indiscrete space,

T =a0(X, T)= S*aO(X, 1) = Sa0(X, 1)=S*O(X,71)=SO(X, 1).

(ii) In an a-structure semi*a-open sets and semi*-preopen sets coincide.

(iii) In an extremally disconnected space, the semi*a-open sets and the semi*-preopen sets coincide.

I1l. Semi*a-Closed Sets

Definition 3.1. The complement of a semi*a-open set is called semi*a-closed. The class of all semi*a-closed
sets in (X, T) is denoted by S*aC(X, 1) or simply S*aC(X).

Definition 3.2. A subset A of X is called semi*a-regular if it is both semi*a-open and semi*a-closed.
Theorem 3.3. For a subset A of a topological space X, the following statements are equivalent:

Q) A is semi*a-closed.
__________________________________________________________________________________________________________________________________|
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(i) There is an o-closed set F in X such that Int*(F) S ASF.

(iii) Int*(aCI(A)) S A.

@iv)  Int*(aCI(A))=Int*(A).

(v) Int*(AUCI(Int(CI(A))))=Int*(A).

Proof: (i)=>(ii): Suppose A is semi*a-closed. Then X\A is semi*a-open. Then by Definition 2.3(iii), there is an
a-open set U in X such that U< X\A < CI*(U). Taking the complements we get, X\U =2 A= X\CI*(U). Since for
any subset U in the space X, we have Int*(X\U)=X\CI*(U). Therefore F2A = Int*(F) where F=X\U is a-closed
in X.

(if)=>(iii): By assumption, there is an a-closed set F such that Int*(F)SA<F. Since AcF and F is a-closed,
we have aCl(A)cF. Hence Int*(aCI(A))c Int*(F) SA.

(iii)=>(iv): By assumption, Int*(aCI(A)) =A. This implies that Int*(aCl(A)) < Int*(A). Since it is true that
A< aCl(A), we have Int*(A) < Int*(aCl(A)). Therefore Int*(aCl(A))=Int*(A).

(iv)=(i): If Int*(aCI(A))=Int*(A), then taking the complements, we get X\Int*(aCI(A))=X\Int*(A). Hence
CI*(alnt(X\A))=CI*(X\A). Therefore by Theorem 2.13., X\A is semi*a-open and hence A is semi*a-closed.
(iv)e(v): Follows from the fact that for any subset A, aCI(A)=AUCI(Int(CI(A)))

Theorem 3.4. If a subset A of a topological space X is semi*a-closed, then the following statements hold:

(i There is a closed set H in X such that Int*(CI(Int(H))) S ASH.

(i) There is a closed set H in X such that Int*(sIint(H)) S A< H.

(iii) There is a closed set H in X such that Int*(HNCI(Int(H))) S A< H.

(iv) Int*(CI(Int(CI(A)))) S A.

Proof:(i) Since A is semi*a-closed, from Theorem 3.3 there is an a- closed set F such that Int*(F)SASF.
Since F is a-closed, there is a closed set H such that Cl(Int(H))) =A< H. This proves (i)

(i) follows from (i) and from the fact that for any closed set H, sint(H)=CI(Int(H))

(iii) follows from (ii) since for any set H, sInt(H)=HNCI(Int(H))

(iv) Follows from (i) since H is closed.

Remark 3.5. (i) In any topological space (X, 1), & and X are semi*a-closed sets.

(ii) In a Ty, space, the semi*a-closed sets and the semi-a-closed sets coincide. In particular, in the Khalimsky
line and in the real line with usual topology the semi*a-closed sets and the semi-a-closed sets coincide.
Theorem 3.6. Arbitrary intersection of semi*a-closed sets is also semi*a-closed.

Proof: Let {A} be a collection of semi*a-closed sets in X. Since each A; is semi*a-closed, X\A; is semi*a-
open. By Theorem 2.14, X\(NA;)=U(X\A;) is semi*a-open. Hence NA; is semi*a-closed.

Corollary 3.7. If Ais semi*a-closed and U is semi*a-open in X, then A\U is semi*a-closed.

Proof: Since U is semi*a-open, X\U is semi*a-closed. Hence by Theorem 3.6, AAU=AN(X\U) is semi*a-closed.
Remark 3.8. Union of two semi*a-closed sets need not be semi*a-closed as seen from the following examples.
Example 3.9: In the space (X, 1), where X = {a, b, ¢, d} and 1 ={¢, {a}, {b}, {a, b}, {a, b, ¢ }, X}, the subsets
{a, ¢, e} and {b, c, e} are semi*a-closed but their union {a, b, c, e} is not semi*a-closed.

Example 3.10: Let X= {1, 2}x{1, 2, 3} be given the subspace topology of the digital plane. In X, the subsets
A={(1, 1), (1, 2), (2, 1), (2, 3)} and B={(1, 2), (1, 3), (2, 1), (2, 3)} are semi*a-closed but AUB is not semi*a-
closed.

Theorem 3.11. If A is semi*a-closed in X and B is closed in X, then AuB is semi*a-closed.

Proof: Since A is semi*a-closed, X\A is semi*a-open in X. Also X\B is open. By Theorem 2.15,
(X\A)N(X\B)=X\(AUB) is semi*a-open in X. Hence AUB is semi*a-closed in X.

Theorem 3.12. In any topological space,

(i) Every o-closed set is semi*a-closed.

(if) Every closed set is semi*a-closed.

(iii) Every semi*-closed set is semi*a-closed.

(iv) Every semi*a-closed set is semi-a-closed.

(v) Every semi*a-closed set is semi*-preclosed.

(vi) Every semi*a-closed set is semi-preclosed.

(vii) Every semi*a-closed set is semi-closed.

Proof: (i) Let A be a-closed. Then X\A is a-open. By Theorem 2.12(i), X\A is semi*a-open. Hence A is semi*a-
closed. (ii) follows from (i) and the fact that every closed set is a-closed. To prove (iii) let A be a semi*-closed
set in X. Then X\A is semi*-open in X. By Theorem 2.12(iii) X\A is semi*a-open. Hence A is semi*a-closed in
X. To prove (iv) let A be semi*a-closed, then X\A is semi*a-open. By Theorem 2.12(iv), X\A is semi-a-open.
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Hence A is semi-o-closed. Let A be a semi*a-closed set in X. Then X\A is semi*a-open in X. By Theorem
2.12(v) X\A is semi*-preopen. Hence A is semi*-preclosed in X. This proves (v). The statement (vi) follows
from (v) and the fact that every semi*-preclosed set is semi-preclosed. (vii) follows from Theorem 2.12(vii).
Remark 3.13: The converse of each of the statements in Theorem 3.12 is not true.

Remark 3.14. From the discussions above we have the following diagram

semi*-closed ——p-semi-closed
/ g-CIosed \\A
Closed—_____ja-closed —:e}ﬁ

a-closed ——gemi-a-closed —wemi-preclosed

\pre'closed‘)g—ﬁipreclosed /

Relationship Diagram for Semi*a-Closed Sets

Corollary 3.15. (i)If A is semi*a-closed and F is a-closed in X, then ANF is semi*a-closed in X.

(ii) If A is semi*a-closed and F is closed in X, then ANF is semi*a-closed in X.

(iii)If A is semi*a-closed and U is open in X, then A\U is semi*a-closed in X.

Proof: (i) Since F is a-closed, by Theorem 3.12(i) F is semi*a-closed. Then by Theorem 3.6, ANF is semi*a-
closed.

(ii)Since F is closed, by Theorem 3.11(ii), F is semi*a-closed. Then by Theorem 3.6, ANF is semi*a-closed.
(iii)Since U is open in X, its complement X\U is closed in X. From (i), A\AU=AN(X\U) is semi*a-closed .
Theorem 3.16. In any topological space (X, 1),

(i) Fc< aC(X, 1)=S*aC(X, 1)< SaC(X, T)cSPC(X, 1)

(i) F< aC(X, 1)< S*aC(X, 1) < S*PC(X, 1) =SPC(X, 1)

(iii) F< aC(X, 1)< S*aC(X, 1) < SC(X, 1) =SPC(X, 1) and

(iv) F =S*C(X, 1) cS*aC(X, 1) < SaC(X, 1) SPC(X, 7).

Proof: Follows from Theorem 3.11 and from the facts that every closed set is a-closed, every semi-closed set is
semi-preclosed, every closed set is semi*-closed, every semi a-closed set is semi-preclosed and every semi*-
preclosed set is semi-preclosed.

Remark 3.17. (i) If (X, 1) is a locally indiscrete space, then F=aC(X, 1)= S*aC(X, 1) = SaC(X, 1)=S*C(X,1)=
SC(X, 1).

(if) In the Sierpinski space (X, 1), where X={a, b} and 1={¢, {a}, X}, F=aC(X, 1)=S*C(X, 1)=SC(X, 1)=
S*aC(X, 1)=SaC(X, 1)=PC(X, 1)=S*PC(X, T)=SPC(X, 1) .

(i) If (X, 1) is extremally disconnected, S*aC(X, 1)=S*PC(X, 7).

(iv) If (X, 1) is an a-structure, S*aC(X, 1) = S*C(X,1)

(v) The inclusions in Theorem 3.16 involving S*a(X,t) may be strict and equality may also hold. This can be
seen from the following examples.

Remark 3.18. The concept of semi*a-closed set is independent of each of the concepts of g-closed sets and
pre-closed sets.

Theorem 3.19. If A is semi*a-closed in X and B be a subset of X such that Int*(A) =B <aCI(A), then B is
semi*a-closed in X.

Proof: Since A is semi*o-closed, X\A is semi*a-open. Now Int*(A)SB<aCl(A) which implies
X\Int*(A)2X\B =2

X\ aCl(A). That is, CI*(X\A) 2 X\B=2alnt(X\A). Therefore by Theorem 2.16, X\B is semi*a-open. Hence B is
semi*a-closed.

Theorem 3.20. Let C be a collection of subsets in X satisfying (i) aC(X) =C (ii) If AeC and DEX s such
that Int*(A) =D < aCl(A) imply that DeC. Then S*aC(X)=C. Thus S*aC(X) is the smallest collection of
subsets of X satisfying the conditions (i) and (ii).

Proof: By Theorem 3.16(i), S*aC(X) satisfies (i) and by Theorem 3.19, S*aC(X) satisfies (ii). Further if
AeS*aC(X), then by Theorem 3.3, there is an o-closed set F in X such that Int*(F)SA<SF. By (i), FeC.
Since F is a-closed, aCI(F)=F . Therefore Int*(F) =A< aCI(F). Hence by (ii), AeC. Thus S*aC(X) < C. This
shows that S*aC(X) is the smallest collection of subsets of X satisfying (i) and (ii).
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1V. Semi*a-Closure Of A Set

Definition 4.1. If A is a subset of a topological space X, the semi*a-closure of A is defined as the intersection

of all semi*a-closed sets in X containing A. It is denoted by s*aCI(A).

Theorem 4.2. If A is any subset of a topological space (X, 1), then s*aCl(A) is semi*a-closed. In fact s*aCl(A)

is the smallest semi*a-closed set in X containing A.

Proof: Since s*aCl(A) is the intersection of all semi*a-closed supersets of A, by Theorem 3.6, it is semi*a-

closed and is contained in every semi*a-closed set containing A and hence it is the smallest semi*a-closed set

in X containing A.

Theorem 4.3. Let A be a subset of a topological space (X, T). Then A is semi*a-closed if and only if

s*aCl(A)=A.

Proof: If A is semi*a-closed, then s*aCl(A)=A is obvious. Conversely, let s*aCl(A)=A. By Theorem 4.2,

s*aClI(A) is semi*a-closed and hence A is semi*a-closed.

Theorem 4.4. (Properties of Semi*a-Closure)

In any topological space (X, T), the following results hold:

(i) s*aCl($)=9.

(i)  s*aCl(X)=X.

If A and B are subsets of X,

(i) ASs*aCl(A).

(iv) ASB=s*aCl(A)<s*aCl(B).

(v)  s*aCl(s*aCl(A))=s*aCI(A).

(vi)  ASspCI(A) SsaCl(A) Ss*aCl(A) < aCI(A) = CI(A).

(vii) A S spCI(A) S saCl(A) S s*aCl(A) S s*CI(A) = CI(A).

(viii) ASspCI(A) =sCI(A) Es*aCl(A) S aCl(A) S CI(A).

(ix)  ASspCI(A) Ss*pCl(A) S s*aCl(A) < aCl(A) = CI(A).

(x) s*aCl(AuB) 2s*aCI(A)us*aCl(B).

(xi)  s*aCl(ANB) < s*aCI(A)Ns*aCI(B).

(xii) Cl(s*aCI(A))=CI(A).

(xiii) s*aCI(CI(A))=CI(A).

(xiv)  If (X, 1) is an a-structure and ASX, then s*CI(A)=s*aCI(A).

(xv) If (X, 1) is extremally disconnected and ASX, then s*pCI(A)=s*aCI(A).

(xvi) If (X, 1) is a locally indiscrete space and AcX, then CI(A)=aCl(A)=s*CI(A)=s*aCI(A)=saCl(A)=
sCI(A)

Proof: (i), (ii), (iii) and (iv) follow from Definition 4.1. From Theorem 4.2 s*aCl(A) is semi*a-closed and

from Theorem 4.3 s*aCl(s*aCI(A))=s*aCI(A).This proves (V). Clearly (vi), (vii), (viii) and (ix) follow from

Theorem 3.12. Now (x) and (xi) follow from (iv) and set theoretic properties. From (iii), we have A<s*aCl(A)

and hence CI(A) < CI(s*aCI(A)). Also from (vi), we have CI(A)=2s*aCl (A) and hence CI(A) 2 Cl(s*aCI(A)).

Therefore Cl(s*aCI(A))=CI(A). This proves (xii). Now statement (xiii) follows from the fact that CI(A) is

closed and hence by Theorem 3.12(ii), CI(A) is semi*a-closed and by Theorem 4.3, s*aCI(CI(A))=CI(A).

Remark 4.5. In Theorem 4.4, the inclusions may be strict and equality may also hold.

Theorem 4.6. Let AS X and let xeX. Then xes*aCI(A) if and only if every semi*a-open set in X containing x

intersects A.

Proof: Let us prove the contra positive of the theorem. Suppose xgs*aCl(A). Then xeX\s*aCI(A)=X\N{F:

ASF and F is semi*a-closed in X}=U{X\F: ASF and F is semi*a-closed in X} and so xeX\F for some

semi*a-closed set F containing A. Hence X\F is a semi*a-open set containing x that does not intersect A. On

the other hand, suppose there is a semi*a-open set U containing x that is disjoint from A. Then X\U is a

semi*a-closed set containing A. Therefore by Definition 4.1 s*aCI(A)< X\U. Hence xgs*aCl(A). Thus

xgs*aCl(A) if and only if there is a semi*a-open set containing x that does not intersect A. This proves the

theorem.

Theorem 4.7. If A is a subset of X, then

(i) s*aCI(X\A)=X\s*alnt(A).

(i)  s*alnt(X\A)=X\s*aClI(A).

Proof: (i) Let xeX\s*alnt(A).Then xgs*alnt(A).This implies that x does not belong to any
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semi*a-open subset of A. Let F be a semi*o-closed set containing X\A. Then X\F is a semi*a-open set
contained in A. Therefore xgX\F and so xeF. Thus x belongs to every semi*a-closed set containing X\A.
Hence xes*aCI(X\A). Therefore X\s*alnt(A) = s*aCI(X\A). On the other hand, let xes*aCI(X\A). Then x does
not belong to any semi*a-open subset of A. On the contrary, suppose there exists a semi*a-open subset U of A
containing x. Then X\U is a semi*a-closed set that contains X\A but not x. This contradiction proves that
xgs*alnt(A). Thatis, xeX\s*alnt(A). Hence s*aCI(X\A) S X\s*alnt(A). This proves (i). Clearly statement (ii)
can be proved from (i) by replacing A by X\A and taking the complements on both sides.

Theorem 4.8. Let D be a subset of a topological space (X,t). Then the following statements are equivalent:

i) D is dense in (X, 9.

ii) s*aCl(D)=X.

iii) If F is a semi*a-closed subset of X containing D, then F=X

iv) For each xeX, every semi*a-open set containing x intersects D.

v) s*alnt(X\D)=¢.

Proof: (i)=(ii): Let D be dense in (X, t°) and let xeX. Let A be a semi*a-open set in X containing x. Then by
Definition 2.3, there exists an a-open set U such that US AS CI*(U). Since D is dense in (X, %, UND#¢ and
hence AND#p. Thus every semi*a-open set in X containing x intersects D. Therefore by Theorem 4.6,
xes*aCl(D). Hence s*aCl(D)=X.

(ii)=(i): Suppose s*aCl(D)=X. Then by Theorem 4.4(vi), X=s*aCl(D) < aCI(D) < X. Hence aCl(D)=X. That
is, D is dense in (X, 9.

(ii)=(iii): Let F be a semi*a-closed subset of X containing D. Then X=s*aCl(D) < s*aCl(F)=F which implies
F=X.

(iii)=(ii): Since s*aCI(D) is a semi*a-closed set containing D, by (iii)s*aCl(D)=X.

(ii)=(iv): Let xeX. Then xes*aCIl(D). By Theorem 4.6, every semi*a-open set containing x intersects D.
(iv)=(ii): Let xeX. Then every semi*a-open set containing x intersects D. By Theorem 4.6, xes*aCI(D).
Hence s*aCl(D)=X.

(iv)=(v): If possible, let xes*alnt(X\D). Then s*alnt(X\D) is a nonempty s*a-open set containing X. From
(iv), DN(X\D)#¢. This contradiction proves (v).

(V)=(ii):Suppose s*alnt(X\D)=¢. By Theorem 4.7(ii), X\s*aCl(D)=¢. Hence s*aCl(D)=X.

Remark 4.9: If (X, 1) is an a-structure, then D is dense in X if and only if s*aCl(D)=X .

Theorem 4.10. If A is a subset of a topological space X,

(i) s*aCl(A)=Aulnt*(aCI(A)).

(i) s*alnt(A)=ANCI*(alnt(A)).

Proof:(i) Now Int*(aCl(Aulnt*(aCI(A))))=Int*(aCl(A)uaCl(Int*(aCl(A))))=Int*(aCl(A)) = Aulnt*(aCI(A)).
Then by Theorem 3.3, Aulnt*(aCl(A)) is a semi*a-closed set containing A. Hence by Theorem 4.2, s*aCI(A) =
Aulnt*(aCI(A)). Since s*aCl(A) is semi*a-closed , by invoking Theorem 3.3, we get Int*(aCl(A))<
Int*(aCl(s*aCl(A))) = s*aCI(A).Therefore Aulnt*(aCI(A)) Ss*aCl(A). This proves (i). Clearly (ii) follows
from (i) by replacing A by X\A and taking the complements on both sides and applying Theorem 4.7.

V. Semi*a-Derived Set

Definition 5.1. Let ASX. An element xeX is called a semi*a-limit point of A if every semi*a-open set in X
containing x intersects A \{x}.

Definition 5.2. The set of all semi*a-limit points of A is called the semi*a-Derived set of A.

It is denoted by Dgo(A).

Lemma 5.3. If AS X, then Dg«(A) = s*aCI(A).

Proof: Follows from Definition 5.1 and Theorem 4.6

Theorem 5.4. If AS X, then s*aCl(A)=AUDg«(A).

Proof: By definition, ASs*aCI(A). By Lemma 5.2, we have Dgq(A) S s*aCI(A). Thus AUDg(A) S s*aCl(A).
On the other hand, let xes*aCI(A). If xeA, then xeAUDgo(A). Suppose xgA. We claim that x is a semi*a-limit
point of A. Let U be a semi*a-open set containing x. Then by Theorem U intersects A. Since xgA, U intersects
A{x} and hence xeDg+(A). Therefore s*aCl(A) S AUDg(A). This proves the theorem.

Corollary 5.5. A subset A of X is semi*a-closed if and only if A contains all its semi*a-limit points. That is, A
is semi*a-closed if and only if Dgo(A) S A.
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Proof: By Theorem 5.4, s*aCl(A)=AuDg(A) and by Theorem 4.3, A is semi*a-closed if and only if
s*aCl(A)=A. Hence A is semi*a-closed if and only if Dgo(A) EA.
Theorem 5.6. (Properties of Semi*a-Derived Set)

In any topological space (X, T) the following statements hold.
If A and B are subsets of X,
(i) ASB=Dgsq(A) < Dey(B).
(ii) Dsp(A) S Dso(A) S Dso(A) S Do(A) < D(A).
(iii) Dgsp(A) < Dsxp(A) S Dsxo(A) = Do(A) = D(A).
(iV) Dgp(A) S Dso(A) S Dgro(A) = Dex(A) = D(A).
(V) Dgp(A) S Dy(A) S Dso(A) S Do(A) < D(A).
(Vi) Ds*a(Ds*a(A))\A = Ds*u(A)-
(Vi |) Ds*a(AUB) = Ds*a(A)UDs*C((B)-
(viii) Dgo(ANB) < Dyg+(A) NDsxa(B).
(iX) Ds*a(AUDs*a(A)) & AUDS*C((A)'
(X)  s*alInt(A)=A\Dg(X\A).
(xi) If (X, 1) is an a-structure, then Dg«(A)=Ds(A).
(xii) If (X, 1) is an extremally disconnected space, then Dgxo(A)=Dgxp(A).
(xiii) If (X, 1) is a locally indiscrete space and ASX, then D[A]=aD[A]=s*D[A]=s*aD[A]=saD[A]= sD[A]
Proof: (i) follows from the definition.
(i), (iii), (iv) and (v) follow from Theorem 2.12 and from definitions.
(vi) Let XeDgo(DsolA))\A and U be a semi*a-open set containing x. Then UN(Dgo(A)\{X})#d. Let
yeUN(Dso(AMX}). Then x#yeU and yeDgo(A). Hence UNA{y}H#d. If z eUN(Ay}), then z#x and
UN(A{x})#d which shows that xeDs«(A). This proves (vi).
(vii) Since  A=AUB, by (i), Ds+o(A) & Dg-o(AUB). Similarly  Dg«(B) S Dgo(AUB). Hence
Ds+o(A)UDg(B) S Ds«o(AUB). This proves (vii). The proof for (viii) is similar.
By Theorem 5.4, AUDgo(A)=s*aCI(A) which is semi*a-closed by Theorem 4.3. From Corollary 5.5, we have
Dseo(AUDg+o(A)) S AUDs«(A). This proves (ix). Let xe A\Dg«(X\A). Then xgDs(X\A) which implies there is a
semi*a-open set U containing x such that UN((X\A)\W{x})=¢. Since xeA, UN(X\A)=¢ which implies USA.
Then xeU<SA and hence xes*alnt(A). On the other hand if xes*alnt(A) then s*alnt(A) is a semi*a-open set
containing x and contained in A. Hence s*alnt(A)N(X\A)=¢ which implies xgDs(X\A). Thus
s*alnt(A) = A\Dso(X\A). This proves (x). The statements (xi), (xii) and (xiii) follow from Remark 2.18.

Remark 5.7. It can be seen that the inclusions in Theorem 5.6 may be strict and equality may hold as well.

VI. Conclusion
The newly defined concept of semi*a-closed sets is shown to be weaker than the concepts of a-closed
sets and semi*-closed sets but stronger than the concepts of semi a-closed sets, semi-closed sets and semi*-
preclosed sets. Explict expressions for semi*a-closure and semi*a-interior of a subset have been found. The
properties of semi*a-border, semi*a-frontier and semi*a-exterior have been investigated.
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