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I. PRELIMINERIES
Let f be a real valued function defined on a set E. Let ¢,d e E,c<d, and k > 2 the oscillation of f on

[c,d] N E of order k is defined to be
O, (f.[c,d]NE) =sup|(d —c)[f,c, X, X, ... %, 1, ]
where the sup is taken over all points X; X,,..x_4 On [c,d]NE and [f,c.Xq Xy _q0] represents the

KM order divided difference of f at the k+1 points ¢€,X ...y _q.,d
The weak variation of f of order k is defined as follows,

Vk(f!E)=SUpZOk(f![Ci’di]ﬂ E)

where the sup is taken over all sequences {(Ci’di)} of non overlapping intervals with end points on E. Then f is

said to be of k™ variation in the wide sense if V, (f,E) <oo and it is written as f € BV, (E) . The function

f is said to be absolutely continuous on E if for any & > Othereis & >0 such that for every sequence of

non overlapping intervals (c;,d;) with end points on E and with Z(di—ci)<5 we have
> O (f,[c;,d,JNE) <& andwewriteitas f e AC,(E).

The function F is said to be generalised absolutely kth continuous (resp. of generalised bounded kth
variation) on E if E=UE; where each E; is closed and f € AC,(E;) (resp. f € BV, (E;)for each i

and we writeitas f € AC,G(E) (resp. f € BV,G(E))

I1. AUXILIARY RESULT
Following result will be needed which are proved in [2]

Lemma 2.1 Let E be a closed set. Then f € AC,G(E) (resp. f € BV,G(E))if and only if every closed
subset of E has a portion on which f is ACk( resp.BVk.)

Lemma 2.2 The classes of functions ACk(E),BVk(E),ACkG(E),BVkG(E) are all linear spaces.

(k) (k)

Theorem 2.3 If f € BV, (E;)then fap ap

of f.
Theorem 2.4 Letk>2and f :[a,b] > R be such that

exists finitely a.e on E, where f_ ° is repeated approximate derivative
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i) feAC G([a,b])ND[a,b]
i) £ existsin [a,b]

(r) (r)

iii) if for r=0,1,...,k-2 and x € (a,b) one of (f( )
()

) ‘(x) and (f ) ‘() exists then (f )(x) exists.(this condition is

weaker than the smoothness condition of f

iv) T® >0 ae

ap —

o)

Then D) exists and is nondecreasing in [a,b] and. f*™ e AC,([a,b])

The following theorem is proved for k=2 in Theorem-4 of [2], and similarly can be proved any k.
Theorem 25 Let F and G be ACk (resp.BVk) on E . Then FG is ACy (resp.BVk) on E. Then FG is

AC, (resp.BV}) onE.
Corollary 2.6 If Fand G are ACkG (resp.BVkG) on [a,b] then FG is so in [a,b]
The proof is similar of the corollary of Theorem-4 of [2].

I1l. THE D, INTEGRAL
A function f :[a,b] >R is said to be D, integrable on [ab] if there exists a continuous function
¢:[a,b] > R such that
i) feAC,G([ab])
ii) ¢(k 2 exists in [a,b]
iii) ¢(r) is smooth in (a,b) for r=0,1,...,k-2.
iv) ¢(k ¥ (@), ¢ (k D~ (b) exists and ¢(k) =f aein [ab]. Where ¢(k ¥ (a) and ¢(k D= (b) denote
right hand approxmate derivative of ¢ at a of order k-1 and left hand approximate derivative of ¢ at b of
order k-1. (The existence of ¢§,'§) a.e in [a,b] is guaranteed by Theorem-2.3)

The function ¢ if exists is called primitive of f on [a,b]. If F = ¢(k Dwe call F to be an indefinite

Dk integral of f and
ey (D) =%, " (@) = F(b) —F(a)
is called the definite Dk integral of f over [a,b]and is denoted by
b
(0 Jfodt.

a
The definite Dk integral is unique by Theorem-2.4. The indefinite Dk integral is unique upto an additive

constant and the kth primitive is unique upto an addition of polynomial of degree k-1.
Theorem 3.1 Let f be Dk integrable on [a,b] and on [b,c] and let ¢ and ¥ be kth primitives of f in [a,b]

and [b,c] respectively. If g%~ (0) and w*™* (b) exists then fis Dy integrable in [a,c] and

b c c
(D) f t+0,) [ =) [t.
b a
Proof: Since ¢(k B~ (b)and l//(k D+ (b) exists, the previous derivative exists in some left and right

neighbourhood of b . Let
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( r— l;_r,}-i-’i-ll*i
(k—1)!
(x—B) X
(c—1)!
Then H is continuous in [a,c]. We show that H is the k™ primitive of f in [a,c]. Clearly H € AC,G([a,c]).

Alsofor 0<r <k-2,
i

65 )+ B+ b @)+t

Px) +w(B) +(x =B P (B) +..+ (e= B (B)if . x €[a.b].

Hix) =

wix)+ @B+ (x—b) g (B)+... + (x—B)g"= = (BYif .x e [b.c].

(x— b)Y
(x—B)“
k WO (B)+ 47 (B). i x=b
And hence H;E‘Z) exists in [a,c]. We are to show that Hé,? issmoothatb for 0<r <k -—2.Let h > Qand
0<r<k-—2. Then
HO o (b+h)+H; " o (b—h)—2H, (" (b) H® o (b+h)—H; () (b) H® o (b—h)—H; " o (b)
h h h
YOy @) +hg b)) 0= =g () =hy ()
h h

w4 (B),if  x [a.b),

(r) —
Hap (X) =1

Wy () +07(0) +(x =) P (B)+..+ ~0 @S x e (ucl,

+0(h)

The first term tends to "~ (b) +"** (b) and the second term tends to — @™~ (b) =" *(b) as
h—0. So H(r)lssmoothatbfor 0<r<k-—2. Hence H! )(X)lssmooth on (a,c)for 0<r<k-2.

The proof of other properties of k™ primitive are easy. Hence H is the k™ primitive of f on [a,c]. So f is D,
integrable on [a,c]. Also

(B F =HE (©-HE @

={p* P O) +y PO} (@ +y P (0)}
={p* " (0) - ¢" P @3+ P (@) -y P (b)}

@[+ f

Theorem 3.2 Let f be Dk integrable in [a,b] and let a<c<b. Let ¢ the kth primitive of fin [a,b]. If @ (k ) (c)
exists then f is Dk integrable on [a,c] and on [c,b] and

b c c
@) J+Dy [ =0 [t
a b a
The proof is immediate.

Theorem 3.3 Let f and g be Dy integrable in [a,b] and «, 8 are constants then of + /g is Dy integrable
in [a,b] and

(D) (of +Bg)=a(D)[ f +B(D)| g
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The proof follows from the definition of the integral and Lemma 2.2.
Theorem 3.4 If f be Dk integrable on [a,b], then f is measurable and finite a.e on [a,b].
Proof: Since fis D, integrable on [a,b], there is a continuous function ¢ € AC,G([a,b]) such  that

¢§;)is smooth for r=1,2,...K—2and ¢§;) = f,a.eon [ab]. Let [a,b]:U E, . where E, isclosed and ¢ is
AC, on E, for each n. Let E, =P nD, where P, is perfect and D, is countable. Since
¢e AC,G(E,), ¢<AC,G(D,) and so by Theorem-6(i) of [3], ¢*“ is AC, on P, where the
derivative ¢ is taken with respect to P, . Let w, (X) =¢* ™ (X)for x € P,and  be linear in the
closure of all intervals contiguous to P, . Then y, € BV [a,b] and so w exists a.e on [ab]. Also
f =¢E§,'§)(X) =y, (X) ae in E,. Since derivative of a function of bounded variation is finite a.e and
measurable, f is finite a.e and is measurable on E_ for each n. The rest is clear.

Theorem 3.5 If fis Dk integrable and >0 in [a,b], then f is Lebesgue integrable and the integrals are equal.

Proof: Let ¢ be the k™ primitive of f . So ¢£§) = f >0a.ein [ab]. Then from Theorem-2.4, ¢(k_l) exists and
is nondecreasing in [a,b] and ¢ e AC,([a,b]). Hence ¢" exists a.e in [a,b] and is Lebesgue

integrable in [a,b]. Hence f is Lebesgue integrable in [a,b].

Theorem 3.6 (Integration by parts). Let f :[a,b] >R is D, integrable in[a,b], F be its indefinite D,

integral and F is D* integrable. Let G(k'l) be absolutely continuous in [a,b], then G is Dk integrable in [a,b]
and

(Dk)j. fG =[FGI2 —(D*)T FG'

Proof: Let ¢ be the k™ primitive of f in [a,b] .Let (p(X):¢(X)G(X), X €[a,b]. Then since ¢ap(r) is smooth
for r=0,1,......,k-2 and G*? exists finitely so Wé:)) is smooth for r=0,1,...,k-2. Since G¥? s
absolutely continuous ,G is AC in [a,b] and since @ is AC,G in [a,b] . And a.e in [a,b]
Vo =51+ gG* Y ...+ kg VG + 4G

= ¢G4 @G 1. +kFG' + G
So G +¥c,p'GH Y +....... +kFG’ + fG is D, integrable in [a,b].
Let H(X)=gG* P+ ¢ gG* ? +. ...+ (k-Dp* 2 G
Then in a similar way as that of Theorem-14 of [1] it can be proved that H € ACG”([a,b]).
Againsince ¢ and G® exists a.e in [a,b],we have,
H'(X) =gG® +(*"c,+* ¢, )g' G ™ +....(k =D)p"“ VG’

= G +4cgGH Y +........ +(k-DFG’

so gGY+*c, @G +...+(k—1)FG’ is D" integrable in [a,b] and so Dy integrable and H is indefinite D,

integral. Since F is D" integrable and G’ is absolutely continuous in [a,b], FG' is D" integrable by
Theorem2.5(p.246) of [4] and hence FG'is Dy integrable in [a,b]. Again since,

(6GY+*c, G 1. +KkFG'+ G ), (4G +*c,¢'G* D +........ +(k-DFG") and FG' are
Dy integrable, by Theorem3.3, fG is Dy integrable in [a,b] and
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[ 1 -[HI; - (D) FG’

[6GH P+ gGl? + ...+ (k-1)p"“ PG+ FG];

~[FGI; —(D*)TFG'
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