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ABSTRACT:- This paper deals with the average age estimation of the binary system, the bounds of the
mean life time, the rate of failure parameter, some special cases and numerical examples are given. In the
last section an estimation of the bounds of the reliability function is obtained
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In this paper we derive an estimation for the lower and the upper bounds of the mean life time of the
lightly loaded standby duplex system when the parameters of the repair time distribution function are known.
Also a general inequality is obtained for the bounds of the mean life time an estimation of the rate of
failure parameter is derived also. Some special cases and numerical examples are given. In the last section
an estimation of the bounds of the reliability function is obtained.

l. RELIABILITY FUNCTIONS AND MEAN LIFE TIME OF THE LIGHTLY LOADED
STANDBY DUPLEX SYSTEM.
In this section we investigate the reliability function and the mean life time of the lightly loaded
standby duplex system with renewal, moreover some special cases are derived.
To increase the effectiveness of standby system, devices that have failed are repaired. Let us
investigate the effect of repair on increasing the reliability. We confine ourselves to the case of one basic and
one standby system.

To study the above system, let us assume that the following conditions are fulfilled:

(1) As soon as the main unit fails the standby unit assumes the load of it;

(2) The repair of the failed unit begins immediately after occurrence of failure;

(3) The repair fully restores the properties of the main unit that failed,;

(4) The life time of the main unit is a random variable having exponential distribution with rate of

failureﬂ,, (/1 > 0) . The life time of the standby unit is also a random variable having exponential law with

rate of failure 4,0 < K <1;

(5) The repair time of the failed unit is a random variable with general distribution function f (.).
The cycle is defined as the length of time between two successive renewal. The failure of the system occurs
when one unit fails while the other is still being repaired.

Let P (t) be the probability that the system works smoothly to the time t without failure. Let us also introduce the
Laplace transforms

THEOREM 1: under the conditions (1) to (5), the function P(x) satisfies the following integral equation
— _t —
P(t)= exp(—lkt) + AK [exp{-A(kx+t)} F (t—x)dx +
0

(1.1)

lRﬁexp{—ﬂ,(kz +x)} p(t—x)dF (x—2z)dx
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In terms of Laplace transforms, the solution of this integral equation is given by the formula

p(s)= (A+s)+Ak[1-f (s+4)]
(A+s)[s+ak (1-F (s+4))] a

where R:1+k,ogkgl, and E(X)Zl—F(X).

PROOF: we prove this theorem by using the method in [1] As follows:

First we prove that P (t) satisfied the integral equation (1.1).The event that the pair will operate without failure
during the interval (0, t) can be decomposed in to the following disjoint events:

(a) The first failure occurs after the instant t, the probability of this event is EXP {—l kt } .

(b) The first failure occurs prior to the instant t but the first cycle ends after the instant t. The standby unit that is
put into operation at the instant of failure operates without failure up to the instant t. the probability of this event

ﬂftj exp{—A(kx +t)}F (t —x )dx.
0

(c) The first cycle ends prior to the instant t. the second unit operates without failure during the first renewal
period, and the pair operates without failure for the remainder of the time until the instant t, the probability of
this event is

ﬂﬁiiexp{—ﬂ,(kz +x)} p(t—x)dF (x - z)dz.

Adding these three probabilities, we finally obtain the desired integral equation (1.1).
By taking the Laplace transforms of equation (1.1), we easily obtain equation (1.2), and hence the proof of the
theorem is completed.

If Z is the random life time of a pair then 0 (t ) =P {Z >1 } from (1.2) it is easy to see that the

mean life time of the system is as follows:

CLek[l-f ()] 11
UKLt (2)] 4 ka @

T =p(t)dt=p(0)

o0
-t
where ; d = I(l— e )dF (t).hence applying (1.2) we have the variance of the life time of the
0

system
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o’ :ZTtP (t)dt —T2=i2+
5 A

1-22k1(2) 1., 4
2K [-f (A 2

In particular, for anon loaded and for a loaded as special cases of (1.3) and (1.4), we have respectively
i If K=0, then

SRS S e N0

A Ja /12 /12a2

which are respectively the mean and variance for the Life time of a duplex system with renewal in the case of a
non-loaded standby system (say the cold standby system).

ii. If K=1.Then

;.11 2_1 1-4F'(2)

and O =
A 2/a /12 4/12a2

which are respectively the mean and the variance for the life time of a loaded standby duplex system with
renewal? (Say, the hot standby system).

If the System is without renewal then the mean and the variance for the life time of a lightly loaded standby
duplex system are respectively

1 1 1 1
T, 2

2 —2
A Ak A% 2%k
Taking k=0 in (1.5) we get TO = z (the mean life time of a cold standby duplex system without renewal) and
) 2
Oy = ) .taking k=1 in (1.5) we get To = —— (the mean life time of a hot standby duplex system
21
, 9D
without renewal) and Oy = —
4
The gain in mean life time provided by the renewal in lightly loaded standby duplex system is
T ka+1
T, (@+ka)

The smaller the probability "a" of failure of a pair in a single cycle, the greater would be the gain.

|
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1. ESTIMATION OF THE LOWER AND UPPER BOUNDS FOR THE MEAN LIFE

TIME OF A LIGHTLY LOADED STANDBY DUPLEX SYSTEM.
This section contains the fundamental results in this paper.

In the proceeding section it has been shown that the mean life time of the system is given by

T =/11+1/{,1(1+k)°£(1—e‘“)df (t)}. (2.)

Applying (2.1), we show that the values of T depend on the parameters of the distribution F(t), and we derive
the lower and upper bounds of T in the following different cases.

1. The case when no assumptions are considered on the distribution function F (T).
In this case

lnaxFTe‘“dF(t)zl,
0

nﬂnFTe‘MdF(t):(l

The first relation is satisfied if we write F(t) = e(t) where e(t) =0 if
t<0ande(t)=1ift>0. The second relation. Applies if the function F (t) takes the form

Fo(t)=e(t-n)={ § o

Since J‘e_/uan (t):e_ﬂn —>0a n—ow
0
11+k
Then from (2.1) we obtain, In thiscase — ——— <T

2- The case when the mathematical expectation of the distribution function F (t) is known
We denote the mathematical expectation of the function F(t) by

1 o0
= = [tdF (t).
H 0

Let the class of the distribution function that satisfy this condition be K 1+ In this case we have

supje Mdf( )=1 end Lr;{je‘“dF(t):e‘p

Feki 0

A
where ; O = —.
2

To prove these two relations, we take for the first relation the sequence F (t ) in the form

F, ()= (1——)e@)+ Zelt-"

y7i
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where ; e(t) is defined as above (case 1). It is easy to check that Fn S kl . Thus

Te‘ﬂtan(t): 1—% +%e‘“p—>1as n — oo,
0

The proof of the second relation follows directly from the known inequality

ojoe “dF (t)=exp —ﬂTtdF (t)re™;
0 0

Since € is a convex function from below the equality
00
I e MdF (t) =e 7 2.2)
0
is satisfied. For (t ) =e|t —— . Thusfrom (2.1) we obtain, in this case,
M
1 1
—1+—= — |<T <o0.
Al k(1-e*)

1. THE CASE WHEN THE MEAN AND THE VARIANCE OF THE DISTRIBUTION
FUNCTION ON F (T) ARE KNOWN

We denote the mathematical expectation and the variance of

the distribution function F (t) by

1 o0
—=|tdF (t),
- )
" 1 2 (2.3)
ol=[|t==|dF (t)>0
(R
And so
. 1 2—|—O‘2=m2
t?dF (t)=| = . sy
! =% '

Let the class of the distribution functions F (t) that satisfy (2.3) be denoted by K In this case we have the
e
following theorem.
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THEOREM 2:

Anf ge"“dF (t)=e* 24

sup Ojoe‘”dF (t) :maxofe‘”dF (t)=
feko 0 Feko 0

(2.9)
o? e tMmH ]

T, my? B[ﬂ ot re

where; b =1+ /12(72.

PROOF: To prove the first equality we note that the relation (2.2) is true. And we take the sequence of the
distribution. Functions Fn (t ) S k2 in the form

F,(t)=p"e (t —tl(”))+ pi"e (t —té”));

Then from (2.3) it follows that

1 (2.6)

) 1

n
Suppose that tf = — ——, then from (2.6) we obtain
n

tén) =£+ no?,

7,
p(n): n202

L " 14n26?’
m__ 1
P2 1+n%c?’

from which
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M
e MdF (t) = pMe (" 4 plMe ™2 —

oO— 8

—> — e ”,asn — oo,
1+n‘oc

To prove the second equality we introduce two subclasses M ns N n of the class K2 such that
n
F(t):_zlpie(t —t;),if F(t)eM,
1=
and

F(t)="3 pie(t—t )+ poe (t).if Ft)eN,;

Thus F (t) satisfies (2.2) for each subclass. Now we prove the following two lemmas.

LEMMA 1:
T Tt
su e "dF (t)=max (e "dF (t) =
sup | (t) = max | (t) .
00 2 '
= max e‘“dF(t)zo- - e ~Amas
FeN27p my My
PROOF: If F(t)el\/lz,then
o0
[e~dF (t)=p,e "1 +pe "2
0
and
P, + Py =1,
1
p.t, + p,t =—, 2.8)
7,

ptZ + ptZ =m,, p;, Py.ty,t, > 0.

2
From the condition &~ > O it follow that pl # 0 and tl -‘/—'tZ.Then from (2.8) we obtain

1 o’
+

=" ,
Y7,

L ¢
Y7

| IIMER | ISSN: 2249-6645 | WWW.ijmer.com | Vol. 5| Iss. 11 | November 2015 | 23 |



Bounds For The Mean Life Time Of A Lightly Loaded Standby System With Renewa

2
)
U
2!
o’ +[1—t2j
Y7

2
o)

5
o +[l—t2]
Y7

since tl > 0 then eithert2 < l or t2 > m,, £e. owing to the

P, =

P, =

symmetry of the values of tland tz, it is sufficient to investigate the case when 9 <t2 < i then

y2;
t,2m,u>t,
and
(1 ] 1o
© L 1.9
[e dF (t) = —~ "
0

We show that G (t2 ) is a decreasing function in t2 in the interval O S t2 < — . Infact, since

U

24
o€ 2 _ 2 e—i(t]_—tZ) _ie_ﬂ‘(tl_tZ) +i—ﬁ =
2
O- + 7_t2
H

Gl(tz):
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2. -1t
oe "2

=7 9(4).g(0)=0
02+—Q

J7;
g’(/l):—1+e_l (-t) ‘I'ﬂ*(tl_tz)e_l (t-to) <0 ’

Then

it A > 0and tl —t2 > 0. consequently g (ﬂ,) <0ad G '(tz) <0,

ie G (tZ) is a decreasing function attaining its maximum at t2 =0 .the proof of the lemma then
directly.If we modify the relation in (2.8) to:

P,+P=p"
p,ty+ Pot, =my, (29)
pit” + pots =m3,
* * <\ 2
P1, Potyt, =0, 0<p” <1, my>(m;),

then the proceeding lemma leads to the following lemma,
LEMMA 2:

max( pie™ '+ p,e 7 ) =max( pe ™t + p, ).

PROOF: the maximum on the left hand side is obtained by taking; { pl’ p2 ’tl’tZ }to satisfy (2.9). But

the maximum on the right hand side is obtained by taking { pl’ p2 ’tl’tZ - O} , also to satisfy (2.9). The

* *
proof of the lemma is obvious when p = O If p e = O then from (2.9) we get pl’ p2 in terms of

*

2
* * *
p (this reduces to the system (2.8) of the first lemma). For m 2 p = (ml ) y the proof of the lemma

2
* * *
is also trivial. For M 2 p > (ml ) we arrive to the conditions of the first lemma. Thus the proof of the

second lemma is complete. Now we are going to prove the second equality (2.5) in theorem 2. We have for all

FeM,
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Ft)=2pe(—t),

=1 (2.10)
n 1 '
_Z Pity =—
i=1 H
C 2
Z Pty =m,,
i=1
and
Ta-at L At
max | e 'dF (t)=max> pe " ",
FeMp g (t) ;1 P
where the maximum on the right hand side is obtained by taking
{pl’ Poy..es Ppy ’tl’tZ’ ..... ,tn }to satisfy (2.9). Let the
class{ pl’ p2""" pn—Z’tl’tZ’ ..... ’tn—Z} which satisfies (2.9) with the absence of
Ph_1: Pn ’tn—l’tn be denoted by C, _5, then
b A
max [e~*dF (t) =
FEMn 0
0 s Pn=2 | pn—1.Pn
max < max [ e~ “dF (t) ot 2 [ttt
0
Where pn—l’ pn ’tn—litn satisfy the following relations
n-2 *
PhgtPn=1- Zl Pi =P ,
| =
1 n=2 -
Phgln gt Pty =—- Z piti =mg.
Hooi-1
{2 {2 = £2
pn—l n—1+ pn n— m2 Zl p m (2.11)
l_

with some fixed pl’ raany pn—Z’tl’tZ y ""’tn—2'
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LEMMA 2
Pn—1, Pn

o0
—At
max!)e dF (t) bt t
Is obtained at T, = O, from which it follow that
T —At . T —At

max [e "dF (t)= max [e "dF(t)

FeMp 0 FeMp 0
Using lemma 1 and 2 successively we obtain

maxojoe‘“dF (t)= max Te‘“dF (t)=...=

FENn 0 FENn_lO

2
T o 1
=max [e “dF (t)=—+ g M2
FeN2o g m2 m2/u

if F (t )is arbitrary distribution function which satisfies (2.2), then by the definition of Stieltjes integral we
have

o0 ( (n) _an

[e™dF (t)=lim{ =P ¢ ' {<

0 n—oo

( 2

. O 1 —ﬂ,mgn),un

=M A =
©Lm, MM,

Thus we have proved that
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2
O

* 1
max [e dF (t)= — + exp{—pb
maxe “af (1) =%+ L expl-st)

:%{:202+exp§¢m}}

Then it follows from (2.1) that

1 1 1 \
—1l+=——|<T<—|14=

A k(l—e"’)_ A k(l—e_pb)_ (212)

Some results obtained as special cases of inequalities (2.12) are as follows:

0] If the system is without renewal then the lower bound is equal to the upper bound of the mean life time
1+k 1
T and equal to T Z .
(i) If the repair time distribution is constant, i.e., if F(t) =1 for t >R, F(t) = 0 for t< R, then the mean repair
1 2 _
time — = R and the variance O~ = O, substituting in (2.12) we get the lower bound of the mean life
M
time equal to its upper bound and is equal to
1 1
T =—+|1+= —=
A k (1—e ")
—t/R 1 2 2
aip 1 F (t ) =1—e YR 0. then — =R and & = R %and substituting in
y
(2.12) we get
1 1 1 2
A" k(1-e) A" k(1-e7)

Where 9 == /IR > O in this case we have worked out two numerical examples. These examples are

given in the following tables.
A=lk=1Y

| IIMER | ISSN: 2249-6645 | WWW.ijmer.com | Vol. 5| Iss. 11 | November 2015 | 28 |



Bounds For The Mean Life Time Of A Lightly Loaded Standby System With Renewa

0 LBofT UBof T
0.02 68.3360 69.0094
0.04 35.0047 35.6845
0.06 23.8957 24.5823
0.08 18.3423 19.0356
2 2.5420 3.7164
4 2.3582 3.6847
6 2.3366 3.6668
8 2.3338 3.6667
80
70
- 60
- 50
WLBoOf T L ap
BMUBOfT
- 30
- 20
- 10
-0
8 [5] 4 2 0.08 0.06 0.04 0.02
Figure 1
0.02  51.0020 - 51.507
0.04 26.0036 26.5134
0.06 17.6717 18.1867
0.08 13.5067 14.0267
2 1.6565 2.5373
4 1.5187 2.5007
6 1.5002 2.5000
8 1.5003 2.5000
60
- 50
- 40
WLBofT L 30
mMUBoOfT
- 20
- 10
-0
8 6 4 2  0.08 006 004 002
Figure 2
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(iv) if F(t) has a gamma distribution, i.e., if

t (t)
Fit)=——~|-1| e t>0,R>0,
RC(n)\R
Then — = NR and 02 =nR 2 and substituting in to (2.12) we get
Y7

1 1 1 n+1
Sl [Tl
A K(l—e ) A nk(l—e’(””)

(2.13)

where ; 9 = lR « in this case we have worked out the numerical example given in the following table:

Zzl,K:Z,n:Z
2] LBof T UBof T
0.02 35.0047 35.3435
0.04 18.3423 28.6867
0.06 12.7911 13.1411
2 2.35820 3.0050
4 2.3338 3.0000
6 2.3333 3.0000

(4) The case when the first n moments of the distribution function F(T) are known. let them be
ml,mz, ..... ,mnwhere

Ttk

0

If the distribution  function F(t) be  with  non-decreasing hazard rate in 1t

[F (t + X ) — F (t ):l/l:l— F (t ):I for any fixed x > 0, then the following relations are satisfied

1> m, > M, > ,,>&>

“2imZ3m! T nim!

(2.14)

If the first three moment of the distribution function F (t) are known, then from (1.3) and (2.14) we obtain,
in this case the following inequality
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m,  (4-2)4°
2 3
Am<1- o
Im, om,
where T 'ZEZ(T —ij
A
Generally let the first moment ml, m2, .....

using the result obtained in (2.15) it is not difficult to obtain exactl

making /1 —> O in (2.15) we get the following results:

-1

/1m2 -1

mq

i
m

<T'< e

2

(2.15)

) m n of the function F(t) be given and satisfy (2.14). Then

’
y the estimation for the values of T « for

1<T'< oo, (n =0)
- amz2) "
1— <AmT’'<|[1-2"2 (n=1)
21m,
am, 2%ms ) am,  A2m, )
1- lo<amT <|1- 222 31 (n=2)
2|m1 3'm1 2lm, 3Im
m lm /1m ) am Am. 2%ma )
1- lamT <124 222 (n=3)
3im, 4!m 2!m 3lm 4lm
Now we prove these inequalities. The first inequality is obV|ous For the others we have
2 3
m
a=Am, 1AMy ATy ATMy
2Im;  3lm;  4lm,
and ﬂ,mlT ’:—,, where
d
o _Am,  A’my  A’m,
2Im, 3lm, 4'm;,
For n=1, we have
a'=1-2Mz
2Im,

Since m:{ S mr then
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— -1
_Amy l _Amy 1_ _Am,
a'<1 o1 1.e. (1 —2!j _(1 Z!mlj

where, My = m12, hence,

-1
amTs|1-2M2 |
2Im,

Also since 1_ PYPRA then,

2!m1

— 1
. 1 Ama2 |
a>1—/1m1,a (1- /Iml):[l—ZIml] ,

Mo = 2m12,30that

— -1
Am?
Am T '<|1- :
! <[ 2!mJ
Therefore
-1 — N1
Am, , AMmy
For n=1, [ —m} <ﬂ,m1T <( —mJ
3
For n=2, a':].—l— /Imz +1_ﬂ1
2Im, 3'm,
since lm3< My then Mg <m2
3Im; 2Im? 3Im, 2
2
then a'<|1- Amz +A m2
2Im, 2
-1
and i> 1- /’Lmz +12m3 .
a’ 2Im;  3Im;
Hence
-1
/ImlT’>(1— AM, +/12m3] ,m3=3m,m,:
2Im;  3Im,

| IIMER | ISSN: 2249-6645 | WWW.ijmer.com | Vol. 5| Iss. 11 | November 2015 | 32 |



Bounds For The Mean Life Time Of A Lightly Loaded Standby System With Renewa

-1
Am,  A’m$
also aZﬁ,ml(l— 2|m1 + 3|m12
am, A2m,) " mZ
and so aZ/’Lml 1- 2 4 3 ,m3:_2
2Im;  3Im; m,
Then
-1
Am, A’m
amT '<|1-2Me | A M
s <[ 2!m1+3!m1j
Therefore
am,  A2ms) am, A2, )
1- 2 amT '<|1-2-2 31 (n=2
{ 2!m1+3!m1) = <[ 2!m1+3!m1j (n=2)

The proof of the last inequality is similar to the proof of the previous inequalities, and in general it can be
proved that

1 1

?n)</1ml'|"<m’ whennis odd
()= 34 m <rf Ef!ﬁh’
a(n)= é(—)r_1 /1.:1 nr:]; _(r/} nj)r:;l |
B(n)= 3, 4 " (fj)'r;l
L
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Tr;](ax) _T1 (")

min

D =T ok —T i ="
()

be the difference between the upper T max and the lower T rr(ur?

the first n initial moments of the repair distribution function are given, then
=00
DO
k. /‘L 2Im2
1

bounds of the mean life time T(n) , when

D, =

and in general

N—-2
2« mn+l mn+1 n 1
k  n+llmf

D, =

where

— 2 m3
Mn=nm,_,m, m =0, my =m;, mg=—=,

m
m, =m,...

Thus for the distribution function F(t) it follows that when /1 —> Othe difference between the estimations
of the upper and the lower bounds for the mean life time of the lightly loaded standby duplex system is equal to
00 for any n=0 , tends to o for any n=1, tends to a definite non-zero value for n=2 and tends to zero with n>3 .

THEOREM 3: If the distribution function F(t) of the repair time for the failed unit satisfies (2.14) , then we can
estimate the rate of failure A as follows :

. m,,, —2n.m(2n_l).m1
A(n)= o, ,n=123,....
n

PROOF: From (1.3) and (2.14), it is not difficult to obtain the following inequality:

1 1
— < /’LmlT < = (2.16)
sn sn

Where
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2n— 2n-1-+
S(n)="3 () tartMme AT man

= r'm, (2n)'m,

LN R 1 (¥ n m(2n+1)
§(n)_rzzl(_) A 1r!rnl 2 (2n+1)Im,

where mr=rm,,my,r=123,....
If §(n)=§(n) we have
" m,. —(2n)m
) m,, —Mm on —(20)M 5, 5y My
A(n)=(2n+1)—2—2" = 2 h>1
M(2n+1) m m,,
This is an estimation of the rate of failure A. For example
. 2
A)=mez2mE (hoy
m;m,

A m, —4m, —m
A(2)=-"2 3 (n=2
Q=" (0=2)
and soon.

V. LIMITING DISTRIBUTION FOR THE RELIABILITY FUNCTION OF THE
STANDBY DUPLEX SYSTEM.
In this section we show that the reliability function P(t) in (1.1) tends to the exponential distribution,
moreover we estimate this function in the limiting case;

THEOREM 4 : If the lightly loaded standby system satisfy the conditions (1) to (5) and moreover

a= ojo(l—e"“)dF (t)—0,
then °

p{ar >t} —>exp(-4kt) (3.1

where 1 is the interval of time between two successive failures.

We can prove this theorem by using the method in [2],from (3.1) it follows that, the limiting
distribution of the reliability function for small "a" is approximately
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D (t ) ~p —Akat -

further  investigation shows that it is better to use the approximation formula

t

P (t ) ~e T (3:3)

We investigation the estimation for p(t) in the limiting case.
We have for small (t/T) the following approximation

t2
p(t)= 1—_|_—+O -

Then we have from (2.3) the following inequality

1—t— < [5(1:)<1—t— (3.5)

T lower T upper

We further show that the values of [5 (t ) depend on the parameters of the distribution function for the repair

time of the failed unit ,and we derive the bounds of f) (t ) in the following different cases:

1) The case when no assumptions, are considered on the distribution function of repair time of the failed
unit F(t) . from case 1 in section (3.2) and from (3 5) , we have

k)
2) The case when the mathematical expectation of the distribution function F(t) is known. From case 2 in
section (3.2) and from (3.5) . we have

?ﬂt_(l—e‘/’) <p(t)<1
1+k(1-e7?)

3) The case when the mean and the variance of the distribution function F(t) are known. From (2.12) and
(3.5) we have

1—

R/u(l—e-P) R/u(l—e—pb)
(R <p(t)<1—_ —
+k(l e ) k(l—e )+b

Lastly we give the following result:
If the distribution function F(t) satisfies the relation (2.14) , then we have the following inequality

1—
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1+(1-t2)B(n)
1+B(n)

1+(1-t2)B(n)
1+ B(n) <p(t)<

whee B(N)=Amks(n),and B(n)=Amks(n).

This result can be simply proved by using the relations (2.15),(2.16) and (3.5).
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