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I. Introduction

The notions of compactness and connectedness are useful and fundamental notions of not only general
topology but also of other advanced branches of mathematics. Many researchers have investigated the basic
properties of compactness and connectedness. The productivity and fruitfulness of these notions of compactness
and connectedness motivated mathematicians to generalize these notions. In the course of these attempts many
stronger and weaker forms of compactness and connectedness have been introduced and investigated. Recently,
S.Pious Missier and J.Arul Jesti have introduced the concept of S;-open sets[3], and introduced some more
functions in S;-open sets. The aim of this paper is to introduce the concept of S;-compactness and S;-
connectedness and to investigate some of its characterizations.

Il. Preliminaries

Throughout this paper (X, 1), (Y, ¢ ) and (Z, 77) (or X,Y and Z) represent non-empty topological spaces on
which no separation axioms are assumed unless explicitly stated. For a subset A of a space (X, 1), S;CI(A) and
SgInt(A) denote the S;-closure and the S;-interior of A respectively.
Definition 2.1: A subset A of a topological space (X,7) is called a S3-open set [3] if there is an open set U in X
such that USAC sCl*(U). The collection of all S;-open sets in (X, 1) is denoted by S;O0(X,7).
Definition 2.2: A subset A of a topological space (X,7) is called a Sg-closed set[3] if X\A is S;-open. The
collection of all S;-closed sets in (X, 1) is denoted by S;C(X,7).
Theorem 2.3 [3]:(i)Every open set is S;-open

(ii)Every closed set is S,-closed set

(ii)Every S;-open set is semi-open
Definition 2.4: A topological space (X, 7) is said to be S;—Tl/zspace [4] if every Sg-open set of X is open in X.
Definition 2.5: A topological space (X, 7) is said to be Sg-locally indiscrete space [5] if every S;-open set of X
is closed in X.
Definition 2.6: A mapping f: X — Y is said to be Sg-continuous [4] if the inverse image of every open set in Y
is S;-open in X.
Defintion 2.7: A mapping f: X — Y is said to be Sg-irresolute[4] if the inverse image of every S;-open set in Y
is S;-open in X.
Definition 2.8: A function f: X — Y is said to be contra- Sg-continuous [5] if the inverse image of every open
setin Y is Sy-closed in X.
Definition 2.9: A mapping f: X — Y is said to be strongly Sg-continuous [4]if the inverse image of every S;-
open set in Y is open in X.
Definition 2.10: A mapping f: X — Y is said to be perfectly S3-continuous [4]if the inverse image of every S, -
open set in Y is open and closed in X.
Definition 2.11: A function f: (X,7) — (Y, 0) is said to be slightly §g-continuous[7] if the inverse image of
every clopen set in Y is S;-open in X.
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Definition 2.12: A mapping f: (X,7) - (Y, o) is said to be totally Sg-continuous[7] if the inverse image of
every open set in (Y, o) is S -clopen in (X, 7).

Definition 2.13: A topological space (X, 7) is said to be compact[8](resp. semi-compact[2]) if every open(resp.
semi-open) cover of (X,7) has a finite subcover.

Definition 2.14: A topological space (X, ) is said to be connected[8](resp. semi-connected[1]) if X cannot be
expressed as the union of two non-empty open (resp. semi-open) sets in X.

1. S5-Compactness

Definition 3.1: A collection {4;: i € A} of S;-open sets in a topological space (X, 7) is called a Sg-open cover
of asubset Ain (X,7) if A € U;ep 4,
Definition 3.2:A topological space (X, 1)is called Sg-compact if every S;-open cover of (X,7) has a finite
subcover.
Definition 3.3:A subset A of a topological space (X,7) is called Sg-compact relative to X if for every
collection {U;:i € A} of a S;-open subsets of X such that A cu {U;: i € A}, there exists a finite subset A, of A
such that A cu {U;:i € Ay}
Definition 3.4: A subset B of a topological space X is said to be Sj-compact if B is S;-compact as a subspace
of X.
Theorem 3.5: (i) Every S;-compact space is compact.

(ii) Every semi-compact space is S;-compact.
Proof: (i) and (ii) follows from definition 2.13 and from definition 3.2.
Theorem 3.6: Every S;-closed subset of a S;- compact space (X, 7) is S;-compact relative to (X, 7).
Proof: Let A be a S;-closed subset of a S;- compact space (X, 7). Then Atis Sg-open in (X, 7). Let {U;:i € A}
be a cover of A by S;-open subsets of X such that A cu {U;:i € A}. So A° U {U;:i € A} = X. Since (X, ) is S;-
there exists a finite subset A, of A such that A c A° U {U;:i € A}=X. Then A cU {U;:i € A} and hence A is
Sg-compact relative to X.
Theorem 3.7: Let f: (X,7) — (Y, 0) be a surjective S;-continuous map. If (X, 7) is S;-compact, then (Y, o) is
compact.
Proof: Let {A;:i € A} be an open cover of Y. Since f is S;-continuous, {f ' (4,): ieA} is a S;-open cover of X.
Also, since X is S;-compact, it has a finite subcover, say {f "' (4,), f 7' (4,), ... f 7' (4,)}. The surjectiveness of
f implies {4;,4,, ..., A, } is a finite subcover of Y and hence Y is compact.
Theorem 3.8: Let f:(X,7) > (Y, 0) be a S;-irresolute surjective map. If (X, 1) is S;-compact, then (Y, o) is
Sy -compact.
Proof: Let {A;:i € A} be a S;-open cover of Y. Since f is S, -irresolute, {f ' (A,): ieA} is a S;-open cover of
X. Also, since X is S;-compact, it has a finite subcover, say {f ~'(4,),f ' (4,),...f "(4,)}. Now f is onto
implies {4,,4,, ..., A, } is a finite subcover of Y and hence Y is S;-compact.
Theorem 3.9: If amap f: (X,7) - (Y,0) is S;-irresolute and a subset B of (X, 7) is S;-compact relative to X,
then the image f(B) is S;-compact relative to Y.
Proof: Let {4;:i € A} be any collection of S;-open subsets of Y such that f(B) cU {4;:i € A}. Then B cU
{f71(A;):i € A} holds. Since by hypothesis B is S,-compact relative to X, there exists a finite subset A, of A
such that B cU {f'(4,):i € Ay}. Therefore we have f(B) cU {4;:i € Ay} which shows that f(B) is S;-
compact relative to Y.
Theorem 3.10: If a surjective map f: (X,7) — (Y, 0) is strongly S;-continuous and (X, 7) is a compact space,
then (Y, o) is S;-compact.
Proof: Let {A;:i € A} be a S;-open cover of Y. Since f is strongly S;-continuous, {f ' (4,):ieA} is a open
cover of X. Thus the open cover has a finite subcover, say {f~1(4,), f *(4,),..f"1(4,)} as X is compact.
The surjectiveness of f implies {44, 4,, ..., 4, } is a finite subcover of Y and hence Y is S,-compact.
Corollary 3.11: If a surjective map f:(X,t) - (Y, 0) is perfectly 57 -continuous and (X, z) is a compact
space, then (¥, o) is 57 -compact.
Proof: Since every perfectly S -continuous function is strongly .S -continuous, the result follows from
theorem 3.10.
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IV. §g-Connectedness

Definition 4.1: A topological space (X, 7) is called a 57, -connected space if X cannot be written as a disjoint
union of two nonempty .5, -open sets.

Example 4.2: Let ¥ = {g b, c}with 7={g, X, {a}}. Then S, 0¥, 7) = {0, X,{a}{a, b} {a, c}}anditis
S,-connected.

Theorem 4.3: Every .5 -connected space is connected.

Proof: Let (X, ) be a .5 -connected space. Suppose that (X, z) is not connected, then X' = 4 U & where A
and B are disjoint nonempty open sets in (X, z). Since every open set is a .5",-open set, (X, 7) isnot a 57 -
connected space and so (.Y, 7) is connected.

Remark 4.4: The converse of theorem 4.3 is not true as can be seen from the following example.

Example 45: Let ¥ ={a,4,c,d}and 7 ={[X, @,{a},{4,c},{a,b,c}}. Clearly (X, 7) is connected. The
S,-open sets of X are {X,@,{a},{4,c}{a, b,c},{b,c,4}}. Here (X, 7) is not S, -connected because
X ={a}tu{s,c,a}where{a}and {4, c,}are non-empty S -open sets.

Theorem 4.6: A contra .57, -continuous image of a .5 -connected space is connected.

Proof: Let /:(X,7z) —» (¥,0) be a contra .S, -continuous map of a .5 -connected space (f,z) onto a
topological space (¥, o). Suppose (F, o) is not connected. Let 4 and # form a disconnection of ». Then 4
and £ are clopen and » = A U Z where 4N Z = g. Since / is contra .S -continuous, 4 = /"~ ' =
Y4 B)=FH4)u (L) Thus X is the union of disjoint nonempty 5 »-open sets in (X, 7). Also
/o ) n/- Y(#) = 4. Hence Xis not 5", -connected which is a contradiction. Therefore Y is connected.
Theorem 4.7: For a subset A of a topologlcal space (X, 7 ), the following are equivalent.

(i) (X, ) is 5, -connected.

(ii) The only subsets of (¥, 7)) which are both .5/, -open and .5, -closed are the empty set & and X.

(iii) Each 57, -continuous map of (¥, ) into a discrete space (/, &) with atleast two points is a constant map.
Proof: (i)=(ii): Suppose that .S c X" is a proper subset, which is both S -open and .5, -closed. Then .5 is
also 5, -open and .5, -closed. Therefore X' = .5 U.5“ is a disjoint union of two nonempty .5 -open sets which
contradicts the fact that X is 57 -connected. Hence 5" = g or 5" = X

(if) =(i): Suppose that ¥'= 4 U Z where A and B are disjoint nonempty .5, -open sets in (X, 7). Since
A4 =8, Ais .S -closed. But by assumption 4 = g, which is a contradiction. Hence (i) holds.

(ii) = (iii): Letf (X, 7) - (¥, o) be a s, -continuous map where (¥, o) is a discrete space with atleast two
points. Then A 1({y}) is S,~Closed and S7-open for each y € ¥ and X' =U{/" Y{yD:y € ¥} By
assumption, A 1({y}) = & orf Yyh=urx If/ Yy =4 forall y € /¥, then £ will not be a map.
Hence, there exists only one point say »; € ¥ such that #~*({y'}) # @ and /1({y1}) = ¥ which shows that
f is a constant map.

(iii) =(ii):Let &/ be both .5 -open and 57 -closed in (X, 7). Suppose that &/ # @. Define /: (X, 7) > (¥, o)
by /(&) = {r1} and /(&) = {r,} for some distinct points y; and y, in (¥, ), then / is .5 -continuous.
By assumption, /" is a constant map. Therefore y, = y,and so &/ = I.

Theorem 4.8: Let (X, 7) be 5, -connected. Then each contra .5 -continuous map of (f, z) into a discrete
space (¥, o) with atleast two points is a constant map.

Proof: Let /:(X,z) — (¥, o) be a contra .5 -continuous map where (7, o) is a discrete space with atleast
two points. Then X" is covered by 57 -open and S,~Closed covering {/~ YDy € ). Since (X, 7) is R
connected, the only subsets of (., r) which are both S7,-open and .5, -closed are the empty set Z and X
Therefore £ *({(yD =G or fFH D =X If f~ 1({)/}) =g for ally € ¥, then /£ fails to be a map. Then,
there exists only one point say ¥ € ¥ such that /*({y}) # @ and /~1({y’}) = ¥ which shows that f is a
constant map.

Theorem 4.9: If /. (X, 7) —» (¥, o) is a .5, -continuous surjection and (¥, 7 ) is .5, -connected, then (7, o) is
connected.

Proof: Suppose (¥, o) is not connected. Then ¥ = 4 U Z where 4 and £ are disjoint nonempty open subsets
of (¥, 7). Since / is 5", -continuous and onto, ¥ = /~*(4) U /(&) where /' (4) and /(&) are disjoint
nonempty .S, -open sets in (X, 7). This contradicts the fact that (¥, z) is S7,-connected and hence (¥, o) is
connected.

Theorem 4.10: If a surjective map /: (X, z) - (¥, o) is S -irresolute and (X, z) is S,-connected, then
(¥, o) is S,-connected.

Proof: If possible assume that /" is not .5, -connected. Then V" = A U Z where 4 and Z are nonempty disjoint
S open sets of (/F, a) Since /is .S, —|rresolute Y4 and £7H(B) are S”,-open sets in (/I’ 7). Since /' is
onto /7YA4) and £7H(B) are nonempty Now ¥ = /7 Y(») = £~ l(A{Ub") YA U YR, Thus X s
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the union of disjoint nonempty .S, -open sets in (¥, 7). This contradicts the fact that (¥, 7) is 57, -connected
and hence (¥, ) is 57, -connected.

Theorem 4.11: If a surjective map /: (X, z) —» (¥, o) is strongly 5 -continuous and (., 7) is a connected
space, then (¥, o) is 57, -connected.

Proof: Similar to the proof of the above theorem.

Theorem 4.12: Let /: (X, 7) - (¥, o) be a perfectly S, -continuous map, (., z) a connected space, then
(¥, o) has an indiscrete topology.

Proof: Suppose that there eX|sts a proper open set U of (/, o), then U is S -open in (¥, o). Since / is
perfectly .5 -continuous, /™~ L&) is a proper open and closed subset of (¥, r) This implies (X, 7) is not
connected WhICh is a contradiction. Therefore (/, o) has an indiscrete topology.

Theorem 4.13: Let /: (X, 7) - (¥, o) be a totally .5, -continuous map, from a .5, -connected space (X, 7)
onto any space (¥, o), then (¥, o) is an indiscrete space.

Proof: Suppose (¥, o) is not indiscrete. Let A be a proper nonempty open subset of (¥, o). Then £ (4) isa
proper nonempty .5, -open and .5, -closed subset of (¥, 7 ), which is a contradiction to the fact that (f, 7) is
S",-connected. Then (F, o) must be indiscrete.

Theorem 4.14: If £ is a contra 5", -continuous map from a 5", -connected space (X, z) onto any space (V, o),
then (¥, o) is not a discrete space.

Proof: Suppose (¥, o) is discrete. Let A be any proper nonempty open and closed subset of (/, o). Then
/71(4) is a proper nonempty S,-open and 57, -closed subset of (F, 7 ), which is a contradiction to the fact that
(X, 7) is 57,-connected. Hence (Y, o) is not a discrete space.

Theorem 4.15: Suppose that X is a .Y;—Tl/z space then .¥"is connected if and only if it is ", -connected.

Proof: Suppose that X" is connected. Then ¥ cannot be written as a union of two non-empty disjoint proper
subsets of X. Suppose £ is not .5 -connected. Let 4 and £ be any two S -open sets subsets of " such that
XY=4uU ZF where AnF =¢. Since Yisa .f;—Tl/z space, every .5, -open sets are open. Hence 4 and £ are

open sets which contradicts the fact that X" is not connected. Then X" is .S -connected. The converse part
follows from the theorem that every .5 -connected space is connected.

Theorem 4.16: If /:(X,7) - (¥, ) is slightly S -continuous surjective function and X is .5'7,-connected
then Y is connected.

Proof: Suppose Y is not connected. Then there exists non-empty disjoint open set A and B such that Y AU B,
Therefore A and B are clopen sets in Y. Since /is slightly .f -continuous and surjective, /~1(4) and
/7Y(&)are non-empty disjoint S,-opensets in X. Also /™ Y(») = X = £71(A). This shows that X is not R
connected, a contradiction. Hence Y is connected.

Theorem 4.17: If / is slightly 5", -continuous function from a connected space (t, z) onto a space (¥, o) then
Y is not a discrete space.

Proof: Suppose that Y is a discrete space. Let A be a proper nonempty open subset of Y. Then £ 71(4) is
nonempty .5, -clopen subset of X, which is a contradiction to the fact that X is 57 -connected. Hence Y is not a
discrete space.

Theorem 4.18: A space X is S, -connected if every slightly 57 -continuous from X into any 7°, space Y is
constant.

Proof: Let every slightly .5 -continuous function from a space X into Y be constant. If X is not .5, -connected
then there exists a proper nonempty 5 -clopen subset A of X . Let (V,o) be such that Y={z,4}o =
{0,y,{a},{4}} be a topology. Let /: ¥ — ¥ be any function such that/(4) = {e} and /(¥ — 4) ={4}.
Then f is a non-constant and slightly .5 -continuous function such that Y is 7°, which is a contradiction. Hence
Y is 5, -connected.

Theorem 4.19: A space (X, z) is .5, -connected if and only if every totally .5, -continuous function from a
space (X, z) into any 77, space (Z, ) is a constant map.

Proof: Suppose /: (X, 7) — (¥, o) is a totally 5", -continuous function where (7, o) is a 7'5-space. Suppose
that f is not a constant map, then we can select two points x and » such that /(x) # /(). Since (¥, o) is a
7y-spaceand /(x) and /£ () are distinct points of Y,there exists an open set G in (¥, o) containing /(x) but
not /(»). Since / is a totally S, -continuous function, /™~ (6') is a S7,-clopen subset of (x, 7). Clearly

refHe)and y g £7H(&). Now ¥ = £ (&)U (f l(.6’)) which is the union of non-empty .5";-open

subsets of X. Thus X is not 57, -connected space,which contradicts the fact that X is 5", -connected. Hence f is a
constant map.

Conversely, suppose (1, 7) is not a 5" -connected space there exists a proper non-empty .S, -clopen subset 4
of X. Let ¥ ={a,b}and 7 ={V, 7, {a} {£}} be a topology for V. Let /:(X,7) - (Y o) be a function
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such that /(4) = {@} and /(¥\4) = {4}. Then fis non-constant and totally .§"7,-continuous such that ¥ is
7', which is a contradiction. Hence X must be .5";, -connected.

Theorem 4.20: Let /: (X, z) - (¥, o) be a totally 5" -continuous function & ¥ is a 7’;-space. If A is a non-
empty S, -connected subset of X. Then /(4)is singleton.

Proof: Suppose that /(4)is not a singleton . Let /(x )=y, €4 and f(x,) =y, € 4. Since y, ¥y, €V
and Y is a 7;-space, there exists an open set G in (¥, o) containing y,but not y, Since / is totally 57 -
continuous, /(&) is S,-continuous, Yo is S7,~clopen set containing x; but not x,. Now X =

C
S Y e)u ( Vd ‘1(0)) . Thus we have expressed X as a union of two non-empty .5 -open sets. This contradicts

the fact that X is .5, -connected. Therefore /(4) is singleton.

Theorem 4.21: Every semi-connected space is 5", -connected.

Proof: Let (X,z) be a semi-connected space. Suppose that (.t z) is not .5 -connected, then ¥'= 4 U Z
where A and B are disjoint nonempty .5, -open sets in (., 7). Since every .5, -open set is semi-open, (X, 7) is
not a semi-connected space which is a contradiction and hence (X, 7 ) is 5;-connected.

Remark 4.22: The converse of theorem 4.21 is not true as can be seen from the following example.

Example 4.23: Let ¥ ={a,4,c,d} and 7 ={X, @, {a} {6} {c}{a, b},{6,c}{a, c} {a, b,c}} Then
SO (X, r)=

g lat {6} {ct{a, b},{0,c}{a, c}ia, d} {6, d}{c,d}{a, b, c}{a,c,d}{a,b,d}{0,c,d}}
and 5, 0(X,7) =7 Here (X, 7) isS,-connected but not semi-connected because X ={z} U {4, c,a}
where {z} and {4, ¢, &} are non-empty disjoint semi-open sets.
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