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ABSTRACT: We consider a situation where a collection of spin half charged particles circulate inside a
rotating hollow sphere of massive body for finding probability distribution. The gravitomagnetic field of
the sphere points along the Z-axis and it is being made to precess around the Z-axis maintaining a cone

angle of @. After a complete rotation the Berry’s phase is, ¥+ [t) = —m (1 — CO0s 3) and hence the

probability distribution becomes modified due to accumulation of Berry’s phase. This originates from the
precessing gravitomagnetic field. In an experiment, there will apper a pattern which differs from that
without the changing gravitomagnetic field of the rotating and precessing hollow sphere. The field of a
rotating hollow sphere whose mass and rotation, (not charge) gives rise to the gravitomagnetic field
because there is no Berry’s phase due to gravitomaagnetic field which is used to make the beams to
circulate in circles.

Keywords: Gravitomagnetic field, hollow sphere, and Berry’s phase.

I. INTRODUCTION

The Berry phase [1] has revolutionized quantum mechanics and perpetrated many areas of physics,
including magnetism. It means that the wave function acquires a geometrical phase,

h;!') == E:Xp[i}f) h;!') == that is unrelated to the dynamical phase, exp[—Ht fﬁ) from the time-dependent
Schrodinger equation. The Berry phase is important for the understanding of the orbital magnetic moment of
itinerant electrons, for quantum entanglement, and for a number of magnetotransport phenomena, such as the

anomalous Hall effect [2] In fact, the Berry phase of a spin-1/2 particle in an adiabatically changing magnetic

field is one of the first examples of this phenomenon [1] The phase is well-defined when the field forms a
closed loop and is essentially equal to the solid angle enclosed by the field, that is, to the corresponding area on

the unit sphere. For spin-1/2 particles, the Berry phase obeys the simple relation [1, 6] ,
y=0/2,
where {1 is the solid angle of the loop. For nanoparticles that can be described as rigidly exchange-coupled

macrospins of size, S, this equation changes to = {15 [6].
The Berry phase is created by varying the field angle rather than the field strength, because it is an adiabatic
process and the spin is always parallel to the external magnetic field. Any change in the magnitude of the field

yields an ordinary Schrddinger-type dynamical phase, which does not interfere with the Berry phase [ 1].
In fact, the Berry phase of a spin in a magnetic field may actually be considered as a “zero-energy” effect

[6] .The external field, H(t), corresponds to a time-independent adiabatic energy, Ey = — gz &. H, so
that one can use a simple unitary transformation to adjust the zero of the energy scale and ensure that E; = 0.
The nontrivial meaning of the corresponding “H = (I problem is easily seen by considering the action,
5= fﬂd‘t, whose straight minimization corresponds to the system’s classical motion, whereas the path
integral, f exp [f.S'fﬁ}DxDp, yields the quantum-mechanical amplitude. The Lagrangian, .£ , contains not
only the Hamiltonian, H, but also a geometrical contribution describing the phase space. For the linear motion of
a particle, L = p dx/dt — H , however, the “flat” character of the p-x phase space makes the geometrical
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term uninteresting and the physics is determined by the Hamiltonian. However, the cross-product commutation
rules for spins correspond to spin precession and mix the X, y, and z spin components, meaning that the
geometrical term in L cannot be neglected [6] .

The simplest way to rationalize the Berry phase is to assume a time-independent field magnitude, H. In the
considered adiabatic limit, this corresponds to a constant Zeeman energy, E = — 5 tig H, and the previously
mentioned unitary transformation ensures that we can use E= 0. The dynamical phase is, therefore, zero and

the Schrodinger equation predicts an unchanged wave function, |1,€J [t) }=|1,€J[U]' Z=. However, this
unchanged wave function is contradictory to our starting assumption that the field leads to an adiabatic rotation
of the spin, |11||_'J (t) :=-=|q|.')[ﬂ, (p) . The paradox is solved by the Berry phase, which yields the correct
wave function without changing the Hamiltonian.

In an addition, we consider a situation where a collection of spin half charged particles circulate inside a
rotating hollow sphere of massive body. The gravitomagnetic field of the sphere points along the Z-axis (Fig. 1)
and it is being made to precess around the Z-axis maintaining a cone angle of &. This precession is slow enough
to be applicable to the Berry’s phase accumulation. After a complete rotation the Berry’s phase is
Y+ (t) = —mr (1 — cos 8), and hence the probability distribution becomes modified due to accumulation

of Berry’s phase. In an experiment, there will appear a pattern which differs from that without the changing
gravitomagnetic field of the rotating and precessing hollow sphere.

Il. INDENTATIONS AND EQUATIONS
We consider a situation where a collection of spin half charged particles circulate inside a rotating hollow
sphere of massive body.

\
&

Fig.1. The gravitomagnetic field of the sphere points along the Z-axis and it is being made to precess around the

Z-axis maintaining a cone angle of &.This precession is slow enough to be applicable to the Berry’s phase
accumulation.

The gravitomagnetic field E is given by,

B = Bsinfcospé, + Bsinfsingé, + Bcosfé, @)
= Blcos(w,t)sinfé; + sin(w,t)sinfé, + cosfé,]
= alcos(w,t)sinfé; + sin(w,t)sinfé, + cosBé;] )
4GMow

where p = ant, B — afi, @ = 3R,

R, =radius of the rotating sphere and ¢ =rotational angular velocity about Z-axis of the rotating sphere.
The Hamiltonian of the interaction of the spin of the particles with the gravitomagnetic field is

H=§-F 3)
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1 -
where, spin, .‘f = Erf and magnetic field, E = an.

Hence,

0 0 —;?-" 5 0
N R I I PSR Y
2z 12 2

Fooslw, tlsing _ Bzinlwy tlzing Froosd
0 Brosssrane 0 g e DA L
Boos l':..-i thzing 0 + . Bein lw, t)sing 0 + 0 Broosd

—B cos@ %Be_i“’izsinﬂ'

E‘e“"i sinf —%E‘ cos B

ﬁcns 68 e ™“iising
e'@ifsinf  —fcos@

1
where § = B .so,

1 ( B cos@ Bcos(w, t)sinf — iBsin(w, t}siﬂ,ﬁ‘)
2 \Bcos(w, t)sinf + iBsin (w, t)sinf —Bcos#@

(2 X
MY +iV -7

where,

X= Bcos(w, t)sinf
Y= Bsin(w, t)sinf
Zz= Bcos@

The eigenvalues are,

E,=—E =-(x*+Y? + 723
= % [BZcos®(w, t)sin® 6 + B*sin® (w, t)sin* @ + B* :‘:GS?'H]%
= %B [sin®8{cos(w,t) + sin® (w, t)} + Cﬂszﬂ']i
= %B [sin’8@ + CGSZIH]%= %B

So we can write,

B o
E+ =3 ; 7 4
o
and E_=—E=—E (5)
We know ,original gravitomagnetic field,
= ~ dGM @
E=27
3cHy
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=aZ (6)
When ,this B field precesses ,then B = ad. Now, (& - ﬁ)z = 1. Eigenvalues are, g, —;fand;E =p.
The eigenstates of & * 7 can be found as
Bd-fixy =xPxn, ™
We know from (Ref [46]),

{[ 1+n)x* + (n, +in,)x"}

An = J20+n,

1
= ﬁ{il +cos8 )yt + (cos(wy t)sing + isin (w, t)sind )y}

Zﬁ{il —|—CDSL3)X + sinfei@t x_}

= =1+ cos8) () + singe™:* (7))

W 2(1+cosg)

Xnm = ﬁ[(l N SOSB) (sinﬂ'e‘_“’lz):l

1 1+ cos @ (8)

i —_‘ . -
V2(1+cos8) “sinfe tod g &

Eigen state of E is

1 (l—i-cﬂsﬁ') ©)

Y@ = J2(1+cos6) \sin G g'“1t
Final spin state at t=t,

I.I'-'J[+.[t) = E‘ @ een(® Yy (t) (10)
where, ¥4y (t)is Berry’s phase.
Ve (O = i T «i¢{+,(rj|w$(”:} de’ (11)
Now,

2
Hipen(t) = = (ﬁ (1+ cos g))

» 2{1+cos8) ﬁz sin @ et

2 ( 1+ cns&_) (12)

':_‘ -
VW Z(1+cos8) \gipn @ e!™at

-8

5 ) 0 _
Then, L = (Eimlsinﬂﬂimit) (13)

dr ———
» 2(14+cos &)

. 0
iyl ) i —iaa . .
< T.I':’{+ (e ]'l HJ(E ) == ( 5{14—5059: . E.Sm °c 1‘:-) (.l'.?z'ml EEHEQEMJt)

f2({1+cos &) [2{1+cas &) —
v2( v'2( A 2(1+cas8)

2. .
Féico, sin? @

2(1+cosd)
= mTi[l —cos@) (14)
Finally, we find
Ve ® = i [f < @) 228 5 gy

= f —[1 — cos H}dt

= miz [1 —cos@)

= _Eﬂ (C) (15)
where, 2(C) = Solid angle

= w;t(1—cosh) (16)

For a complete rotation, t= il

Gy
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n(C) =ay i—n (1 —cos8)
1
= 2w (1 —cosf) 17)

Yi+) (6) = —%Eﬂr (1 —cos @)
=—m(1—cosf) (18)

After a complete rotation, the wavefunction for a superposition of a beam of spin-% particles in
gravitomagnetic field with another bearp but without gravitomagnetic field is,
Y=o + e
= (1 +7)
= 1y (1 + cosy(c) +isiny(c)) (19)
Then, |]* = |y |*{1 + cosy(c) +isiny(c)H1 + cosy(c) — isiny(c)}
= | |2{(1 4+ cos y(c))? + sin® y(c)}
= iy |2{1 + 2 cosy(c) + cos®y(c) + sin®y(c)}
= [0 [*{2 + 2 cosy(c)}
= I [*{2(1 + cosy(c))}

= [t |72 (CGSZ g + sin® % + cos? % — sin® g)
= [ |%2-2 CGS?‘%
= 4|y | cﬂszg 20)

Hence, the probability distribution becomes modified due to accumulation of Berry’s phase .In an experiment,
there will appear a pattern which differs from that without the changing gravitomagnetic field of the rotating and
precessing hollow sphere.

I1l. CONCLUSION
Our problem is to find a probability distribution when we consider a situation where a collection of spin half
charged particles circulate inside a rotating hollow sphere of massive body, and the gravitomagnetic field of the

sphere points along the Z-axis and it is being made to precess around the Z-axis maintaining a cone angle of .
Quantum geometric phase is analyzed to emphasize the Berry’s phase derivation, and coupling
gravitomagnetism-spin and Berry phase which helped us for solving our problem. we have examined a
probability distribution which is modified due to a complete rotation or Berry’s phase accumulation which
originates from the precessing gravitomagnetic field. In an experiment, there will appear a pattern which differs
from that without the changing gravitomagnetic field of the rotating and precessing hollow sphere.

Now we propose an experiment that the field of a rotating hollow sphere whose mass and rotation, (not charge)
gives rise to the gravitomagnetic field because there is no Berry’s phase due to electromagnetic field which is
used to make the beams to circulate in circles. In conclusion, we have reviewed the phenomena of the probability
distribution in the context of Berry’s phase using the available literature. We hope that this paper will help other
researchers in the field of gravitomagnetism.
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