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l. INTRODUCTION
Srinivasa Ramanujan submitted an interesting function defined by a ¢ — series as a gift to the world of

mathematics is known as Mock theta function. He gave a list of seventeen such functions classifying them as of
order three, five and seven, but did not say what he meant by order. Furthermore after the discovery of
Ramanujan's Lost Notebook more Mock theta functions of distinct orders studied by Andrews, G. E. [2],
Andrews, G. E. and Hicerson, D. [3], Gordon, B. and Mclntosh, R., J. [4,5] and Choi, Y. S. [6]. Hikami’s [8, 9]
discovered new Mock theta functions of order two, order four and order eight respectively. Recently, Eltikali,
M., Paul, A. et al. [7] developed new representation among Hikami Mock theta functions related with many

selected identities. If F(Q) == Z f(q,n) isa Mock theta function, then the corresponding partial Mock theta
n=0

m
function is denoted by the truncated series, F, (q) = Z f(q,n) and the complete Mock theta function is
n=0

defined by the bilateral series F () = > f(q,n).

n=—o0

Il.  DEFINITIONS AND NOTATIONS
Throughout this article, we assume that | q | <1 and use the notation

(a)o = (a; q) =1 (a; qk)o =1 2.1)

n-1
(@), = [! (1-aq'), nz1 (22)
b n-1
(:9). ;:g(l—aqr), (a;qk)n = ] (1- aq ), (2.3)

where (&;q%), is g — shifted factorial.

The second order Mock theta functions are:
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w n+1 2 2
Zq q°) B(q) = Zq "(-9;9%),
= (o )n+1 (4:9°) 01
(2.4)
& (-D"9" (0,9°)
)=
Zo 0%,
The last function ££(Q) appears in Ramanujan's "Lost" Notebook.
The six order Mock theta functions are:
= (D)"9" (497, &))" (g7,
#a: Z; CUH ) P v Z; (G PP
n(n+1)
q 2 ( a; q) (n+1)(n+2)
p(a) —Z Ga. o(a) ‘Zq 2 (-q;0),
(q q )n+l
(2.5)
= (-)"q"(q;9°), & (-D)"(9;9°),
A(Q) = , )
(@ Zo (-a;9), Zo (=a:9),
= q" (g;0),
@)= ™
Y Zo @%9%),
The eight order Mock theta functions are:
=q" (q;0), =.q" (4;0),
S,(q)=Y S, (@)=Y ——"
o{0) Zo @%:9%), (@) Z; @%9%),
=.q" (q;9), = q" (q;9),
To(a) =Y T(Q)=) 5
o0 Z? a%;q°), 1) Z(; a*;0°),
=q" (q;0), =.q" (q;0),
Uy(q)=Y ~n U,(@)=> ="
o0 Z(; @*9%), (@) Z(; @*a°),
= q" (-0;9°) = """ (-;q°)
Vo(q)=-1+) ——— 170 V,(q) = n
° an; (q;qz)n ' nz—(; (q;qz)ml (2.6)

| JMER | ISSN: 2249-6645 www.ijmer.com | Vol. 7 | Iss. 5 | May. 2017 | 46 |



Some Identities Relating Mock Theta Functions And Hikami Mock Theta Functions

The ten order Mock theta functions are:

~ n(n+1)/2 (n+1)(n+2)/2
P (0) = Z(q q )n+l v ()= Z (@9 )n+j|_
2.7
(-D"q (-1)"q"’
Xie (= Z( a:0)0 Hre (@)= Z (0 Dt
Hikami’s Mock theta functions are:
q"(-9;9), q"(-a%;9%),
P _Z (00 ey D= Z A" )
(2.8)
q”" (-9;9°), q"(-a:9%),
@ =37 e @ =3 g i
We shall make use of following identities in our analysis:
d d, L d
[quq] Z Z[YQ] Z Z[quq]a
bagd, 27 5 hagd, 2 5 bad, -
Ya, Y6, ::Z§n2ar+2anzn:5r—2an5n.
n=0 r=0 n=0 r=0 n=0  r=0 n=0 (2.10)
Za 25 25 Za +Za 25 Za
= =0 10 =0 (2.11)

1. MAIN RESULTS
1.We establish new representations involving partial Mock theta functions of order two, six, eight and ten. Also,
partial Hikami’s Mock theta functions of order two four and elght are obtained.

[ag, ya; ], [a, y;a],q [ag, yos a], 9" (-0%:") 0
[q, ayq; q] Z [a, ayg; q] M@ +Z [a.ayq;a],  (4:9%),.. 3.1)

Where A(Q) is a Mock theta function of order two.

[aq,yq;q]wp 0- Z[ayq]q Z[aq Y6, 000,
hagd, " & hagd, " & bavd, @), -

Where p(q) is a Mock theta function of order six.

a0, yaial. a.yaha' lag, yara], 4" (~0;0%),.
b, Z o], +Z sloaaal, (050 4,

Where S, (q) isa Mock theta function of order eight.
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[ag, ya;q] [a,y;q],9" & [ag,yg;q], g
1 fc (@)= —¢ (@) + :
[a,aya;q], " Z [a,ayq;q], " Zo [a,aya:a], (@:0%),.,
(3.4)
Where @, (Q) is a Mock theta function of order ten.
[aq, ya; ], Ja" Sl G R G P
Ds(q) = Ds., (@) + =
[a.ayq;q], Z [a, ayq q] ? Zf; la,ayg;a], (@97, 2.5
(35)

Where D, (q) is Hikami’s Mock theta function of order two.

2.In this section we shall make use of identity (2.10) to establish product formulae for any two Mock theta
functions.

9™ (=9;9°), 9" (-9*9%), & 9" (-9%9%),(-9;9%)
A@B@) =) ————A @)+ B, (a)- : -
Z (@:9%) 0 Z (@:9%) 0 2 (@:9%) 5,
(3.6)
This is a product formula for two Mock theta functions of order two.
© qn(n+1)/2( q q) © n+1( q q ) © q(n+1)(n+2)/2(_q;q) (_qZ,qZ)
A@)p(a) = A, () + P (0)— : -
; ’q )n+1 Z=(; ’q )n+1 ; (q’qz)ﬁ-r—l
(3.7)

This is a product formula for Mock theta functions of order two and six.

= q" (-6;9°) = 9™ (-0%9%), 2 q"" " (-0;q°)
A@S (@) =2 55— A+ Son(@)— -
D= ), Z(; @, O E T @, (359)
This is a product formula for Mock theta functions of order two and eight.
qn(n-r—l)/2 © n+1( q q ) © q(n+1)(n-r—2)/2(_qz;qZ)n
A@)Pc (a) = A, (@) + P (@) -
N Z 10°) 0 Z; @)y 2, (@:9°)2,

(3.9)
This is a product formula for Mock theta functions of order two and ten.

A(q)D; () 2 q)q) A, (@) + 2 q(’qq)Q) 5,n<q>—n°'20 (?qq;)(q LES

(3.10)

This is a product formula for Mock theta functions of order two and Hikami’s Mock theta function of ordero.

)" q‘"*” (@:9°), )"a" (@9%), 9™ (@:9%);
P (@)= Z (=05 ) 201 7 Z: (=0; )2 V(D= Z (=0 0) 20 (-0 Dz
(3.11)
Thisisa product formula for two Mock theta functions of order six.
2 q" ( Rl ), (—)”q”z(q;qz)n & ()'g’ (@9 D
S0 T, 2. 2y ¥n SOn -
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This is a product formula for Mock theta functions of order six and eight.

o qn(n+1)/2 (_)nqn2 (q;qz)n © (_)nqn(3n+1)/2(q;q2)n
P (a) = ¢, (a)+ Pic () - :
« Z(; 0 na =B Cv«) P Z(; (@:0%) 0 (-0 0) 5,
(3.13)
This is a product formula for Mock theta functions of order six and ten.
= q"(-0;0), 2 (9)"q" (4:9%), = (9)"q"" (0;9%), (-9; q),
#A)Ds () =) ——— ¢, (a)+ Ds, (a) - :
° ; q;qz)ml n=0 (_q;q)Zn ° ; (_q;q)Zn (q;qz)ml
(3.14)

This is a product formula for Mock theta functions of order six and Hikami’s Mock theta function of order two.

w A NN+2) (o 2 w NN (N2 w [ 20(+1) [ e y2)2
q""? (=a9;9%), On(q)+zq (=4:9), (@ q (-6:a°),

Se(@)S.(a) = S Sia () -
TS (dhah), o (-9%a®), T = (-a%a9’);
(3.15)
This is a product formula for two Mock theta functions of order eight.
q"""(-q;9%), a" (-4:9%), & q" Y (-g,9°),
So (M () = @+ =5 ben (@) - :
* Z @@ Z -9%:9%), Z;( 4:9%),a(-0%:0°),

(3.16)
This is a product formula for Mock theta functions of order eight and ten.

> q"(—q; © q" (_q-q2 w AN+ L2 -
So(q)Ds(q)=qu_(+q)”son(q)+zMD5n(q) Zq (-6:97), (-0 9)

10%) 0 4a%), o (-0%:9%),(40%) 0
(3.17)
This is a product formula for Mock theta functions of order eight and Hikami’s Mock theta function of order
two.
- q(n+1)(n+2)/2(_q.qz)n o n(n+l)/2 . n(n+2)+l
e Dy (@)= nzz;, - qz)nﬂ P (@) Z::; )n+1 Wi (d)— nZ::; (@9 )n+1
(3.18)
This is a product formula for two Mock theta functions of order ten.
o0 n . o n(n+l)/2 0 n(n+3)/2 .
b @Dy (@ =3 8D 5 g+ S b, @-3 L,
o (407) 0 = GH R o (@970 (3.19)

This is a product formula for Mock theta functions of order ten and Hikami’s Mock theta function of order two.
& 9"(-9%0%) & 9"(=9;9) 07" (-4, 9), (9% 9°)
Dy (@)De (@) =2 — i Dsn(@+ 2 ————De, () -
=S G ~ 00y ~ (0000 @00
(3.20)

n+l.

This is a product formula for two Hikami’s Mock theta function of order two and order four.

3.Finally, we establish product formulae among complete Mock theta function of order two and Mock theta

function of distinct orders by making use of identity (2.11).

1
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n+1 2n+1

A @B(Q) = iq(qq) Ao @+ (q o g (g)- A e

n-0 (0, ) n+1 n=0 ’ ) n+1 ) n+l
where A.(Q) is complete Mock theta function of order two and B(Q) is another Mock theta function of
order two.

()"a" (4:9°), 9™ (-9%;9°), ()"a""(@;9%),(-a%;9°),
Ac (9)¢(a) = o (@) + ¢, () -
Z Caqn), o Z (@9%) .y Z;o (=0 0) 5 (@07 s
(3.22)
Where ¢(Q) is Mock theta function of order six.
= q" (-9,9%), 29" (-9%9%), A" (g a%),
Ac (0)Sy(q) = o (@) + Son (@) -
’ Zo Catiar), Z; @9 0e Z;o (@0%) 0
(3.23)
Where S, (q) is Mock theta function of order eight.
w n(n+1)/2 w n+1 w q(MH)(N+2)/2 2. 2
Ae@ie @ =3 Ay @+ 31 Ca5a) s (@) 38 979 ),
ﬂ=0 )n+1 n=0 1q )n+1 =-® ( g )n+l
(3.24)

Where @, (Q) is Mock theta function of order ten.

nl o g+ (- 2.2
A.(9)D, (q) = zq ' Q)m A (@)+ Zq (q(qq)q) D, @) 3 <(2,.c;>2n)(2q a%),
(3.25)

Where D, (q) is Hikami’s Mock theta function of order two.

V. PROOF OF MAIN RESULTS
1.0As an iIIustraction we shall prove the results (3.1) to (3.5). In order to prove the result (3.1), taking

n+l
= - q -4 ) in the identity (2.9) and then after simplification, we obtain the result (3.1).

(CHY I

Similarly, suitable selections of ¢, and making use of respective identity (2.9) one can establish the results
(3.2)-(3.5). Other Mock theta functions of order two, six eight, ten and Hikami's Mock theta functions can be
expressed similarly by proper choice of « , in identity (2.9).

n

9" (=9*:a°),
2.As an illustration, we shall prove the result (3.6). Taking a, = and
(q’q )n+1
a" (9a%), . _
0, —W in identity (2.10) and then after simplification, we get the result (3.6). Choosing
! n+1

properly the values of ¢, and O, and proceeding as above, one can obtain the results (3.7) to (3.20).

3.finally by making use of the identity (2.11) in order to prove the product formulae for Mock theta functions.

n+l
As an illustration, we prove the result (3.21). Taking &, = = q -4 ) and
(CH DM
q"(-4:9°),
n =, inidentity (2.11) and then after simplification, we get the result (3.6).\\By choosing the
(CH P

value of &, and O, and proceeding as above, one can obtain the results (3.22) to (3.25).

1
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V. APPLICATIONS
Choosing a=Yy=-1 in(3.1), we get

[~a;al2 [-Lalia" [Faall 9™ (a%0%)0.
A(q) = A @)+ >
ol Z gl Zo [0l (@a%).. 5.1
Choosing a=Y=-1 in(3.2), we get
[Faal [-Lafta" [-a;q]; q 2" (—q;q),.,
@)= . (@) + 5 :
Twal 7 Z ol ” Z [a;a]; (@:0%) . (52)

Choosing a=Y=-1 in(3.3), we get
2

[Fa:al2 Q]w q]zq ol 9" (-a;0),.,
S ( ) SO n (q) 2 2 2 - .

Choosing a=Yy=-1 in(3. 4) we get

[-a;all [Lalq" [~a:al; g (950" )na
LC (q) LC, n(q) 2 2 B .
LTI Z ol * +; [9; (9% 54)

(n+1)(n+2) /2

Choosing a=Yy=-1 in(3.5), we get

Fadl (- Z [-Lalia" DSn(q)+Z gy 4T CED,

faial [q, al, @0 g5
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