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I. INTRODUCTION 
Various asymptotic methodis used to solve the linear and nonlinear problem in physical and chemical 

sciences.  Variational iteration methodis a powerful method which yields convergent series solution for 

linear/nonlinear problems [1]. Also it is a powerful mathematical tool to solving systems of ordinary differential 

equations. Recently ElhamSalehpoor et.al [2] used the variational iteration method to systems of linear/non-

linear ordinary differential equations, which yields a series solution with accelerated convergence.Matinfar et.al 

[3] proposed VIMHP to solve effectively, easily and accurately a large class of linear, nonlinear, 

partial,deterministic or stochastic differential equations with approximate solutions whichconverge very rapidly 

to accurate solutions. Matinfaret.al[4] develop the modified variational iteration method for solving linear 

problems.  

He’s homotopy perturbation method is a powerful and capable method to solve linear and nonlinear 

equation directly. Most of the scientific problems in engineering are linear or nonlinear. Except in a limited 

number of these problems, finding the exact analytical solutions of such problems are quite difficult. Therefore, 

there have been attempts to develop new techniques for obtaining analytical solutions which reasonably 

approximate the exact solutions. Homotopy perturbation method is such method which is straightforward and 

convenient for both linear and non-linear equations. It is also applicable to both partial differential equation and 

ordinary differential equation. The homotopy perturbation method is proposed by He in 1999  and was 

developed and improved by him. Homotopy perturbation method is the combination of traditional perturbation 

method and homotopy method so it takes full advantages of both methods.In this paper approximate solution of 

system of linear differential equations in pharmacokinetics model are obtained by Homotopy perturbation 

method. 

 

II. MATHEMATICAL FORMULATION OF THE PROBLEM 

The systematic diagram of  pharmacokinetics model for fluoxetine and norfluoxetine is represented  in 

Fig 1.The concentrations of A,B,C,D species with X, Y, Z and W can represented by the following system of 

linear differential equations.        

X)kk(
dt

dX
0201 

(1)                                                                                                              

  ZkYkkkXk
dt

dY
3113121001 

(2) 
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ZkYk
dt

dZ
3113 

(3)  

WkYkXk
dt

dW
201202 

(4)     

 whereX is a concentration of fluoxetine at administration place. Y is a concentration of fluoxetine in central 

compartment. Z is a concentration of fluoxetine in peripheral compartment and W is a concentration of 

norfluoxetine in central compartment. The rate coefficients are: 01k absorption rate constant for fluoxetine, 02k

and 12k presystematic and systematic metabolism rate constant of fluoxetine to norfluoxetine, 13k and 31k the 

distribution rate constants for fluoxetine, 10k and 20k the elimination rate constants for fluoxetine and 

norfluoxetine.The initial conditions are  

0)0()0()0(,)0( 0  WZYXX                                (5) 

 

III. APPROXIMATE ANALYTICAL EXPRESSION FOR CONCENTRATIONS SPECIES 

USING THE HOMOTOPY PERTURBATION METHOD (HPM) 
Some nonlinear problems in chemical sciences [4] can be solved HPM [5], ADM [6, 7] and VIM [8]. 

Recently, many authors have applied the Homotopy perturbation method (HPM) to solve the linear and non-

linear problem in physics and engineering sciences [9-16]. This method is also used to solve some of the non-

linear problem in physical sciences [14-16]. This method is a combination of Homotopy in topology and classic 

perturbation techniques. [2, 17-19] HPM is unique in its applicability, accuracy and efficiency. The HPM uses 

the imbedding parameter p as a small parameter, and only a few iterations are needed to solve the equation. 

The basic concept of HPM is given in Appendix A .By solving the Eqns. (1) - (4) using this method [9-11], we 

can obtain concentrations ofspecies as follows( Appendix B): 
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where 

0201 kka  and 131210 kkkb 
 (10) 

 

IV. NUMERICAL SIMULATION 
The linear differential equations (1)-(4) for the given initial conditions are solved by using homotopy 

perturbation methods.  The function pdex 4 in Matlab software, which is a function of solving initial value 

problems was used to solve these equations numerically and the Matlab program is given in Appendix C. 

Figures 2-5, and Tables 1-4represent the comparison of analytical results obtained in this work with the 

numerical results. Upon comparison, it is evident that both the results are in good agreement for different values 

of the reaction and diffusion parameters.The maximum relative error between our analytical results and 

simulation results is 0.5%. 

 

V. RESULT AND DISCUSSIONS 
Figures 2(a) and 2(b) represents the dimensionless concentration of fluoxetine at administration placex 

for different values of dimensionless parameter 01k and 02k .From these figures, it is evident that the values of 
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the concentrationfluoxetine at administration place decreases when dimensionless time increases and the 

parameters 01k  and 02k   increases. Concentration Xis a decreasing function of time t. 

Figures (3(a-c)) represents the dimensionless concentrationof fluoxetine in central compartmentY for 

different values of dimensionless parameters 10k , 12k and 13k .From these Figures,it is evident that the values 

of the concentration decreases when dimensionless parameters 10k , 12k and 13k increases.Also the 

concentration Y increase gradually from its initial value and reaches the maximal value when time t=0.2 for all 

values of parameter and then concentration decrease from the maximumvalue. 

Figure (4) represents the dimensionless concentration of fluoxetine in peripheral compartment Z for 

different values of dimensionless parameter 31k .From these figures, it is evident that the values of the 

concentration decreases when dimensionless parameters 31K increases. 

Figure (5) represents the dimensionless concentrationofnorfluoxetine in central compartment Wfor 

different values of dimensionless parameter 20k .From these figures, it is observed that the values of the 

concentration decreases when dimensionless parameters 20k increases. Also the concentration Wincreases from 

its initial value and reaches maximal value when t=0.15 and then decreases gradually and reaches the steady 

state value when time t=1. 

 

VI. CONCLUSION 

Approximate analytical solutions of system of linear differential equations in parametric kinetics are 

presented using homotopy perturbation method. A simple, straight forward and a new method ofestimating the 

concentrations of species X, Y, Z and W are derived.  The primary result of this work is simple approximate 

calculations of concentration for all values of dimensionless parameters. This solution procedure can be easily 

extended to solve all kinds of system of coupled linear and nonlinear equations with various complex boundary 

conditions in chemical and physical sciences. 

 

APPENDIX A 

Basic concept of the Homotopy perturbation method (HPM) [9-12] 

To explain this method, let us consider the following function: 

   r      ,0)()(  rfuDo (A.1) 

with the boundary conditions of 

   r            ,0) ,( 




n

u
uBo (A.2) 

where oD  is a general differential operator, oB  is a boundary operator, )(rf  is a known analytical function 

and    is the boundary of the domain  . In general, the operator oD  can be divided into a linear part L  and 

a non-linear part N . The eqn. (A.1) can therefore be written as 

 0)()()(  rfuNuL (A.3) 

By the Homotopy technique, we construct a Homotopy  ]1,0[:),( prv  that satisfies 

  .0)]()([)]()()[1(),( 0  rfvDpuLvLppvH o (A.4) 

  .0)]()([)()()(),( 00  rfvNpupLuLvLpvH (A.5) 

 

Wherep[0, 1] is an embedding parameter, and 0u   is an initial approximation of eqn. (A.1) that satisfies the 

boundary conditions. From eqns. (A.4) and (A.5), we have 

  0)()()0,( 0  uLvLvH (A.6) 

0)()()1,(  rfvDvH o (A.7) 

 

When p=0, the eqns. (A.4) and (A.5) become linear equations. When p =1, they become non-linear equations. 

The process of changing p from zero to unity is that of 0)()( 0  uLvL to 0)()(  rfvDo . We first use 
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the embedding parameter p  as a “small parameter” and assume that the solutions of eqns. (A.4) and (A.5) can 

be written as a power series in p : 

 ...2

2

10  vppvvv (A.8) 

Setting 1p   results in the approximate solution of the eqn. (A.1): 

...lim 210
1




vvvvu
p

(A.9) 

This is the basic idea of the HPM. 

 

APPENDIX B 

Solution of the eqn. (2)-(4) using the Homotopy perturbation method. 

 To find the solution of the equations (2) – (4), we construct a Homotopy for the equation(2) as follows: 

       0ZkYkkkXk
dt

dY
pYkkkXk

dt

dY
p1 3113121001013121001 
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Comparing the coefficient of p  on both sides  

P
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0  (B.2) 

Using the initial condition (5),the solution of the above equation becomes  
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where 0201 kka    and  131210 kkkb 
      (B.4) 

Substituting )(tY  in the equation (3), we get 
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Substituting theX(t) and Y(t) in equation (4) ,we get 
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Again substituting Xand Z in the below equation   

  Z.kY.KkkX.k
dt

dY
3113121001 

     

 (B.7) 
we get 
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APPENDIX C 

Matlab program to find the numerical solution of the equations (1)-(4).

 
function 

options= odeset('RelTol',1e-6,'Stats','on'); 

Xo = [1;0;0;0];  

tspan = [0,1];  

tic 

[t, X] = ode45(@Test Function, tspan, Xo, options); 

toc 

figure 
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holdon 

%plot(t, X(:,1)) 

plot(t, X(:,2)) 

%plot(t, X(:,3)) 

%plot(t, X(:,4)) 

return 

function [dx_dt]= TestFunction(t, x) 

k01=3;k02=3.3;k10=30;k12=2.2;k13=2.4;k31=0.2;k20=0.6; 

dx_dt(1)=-(k01+k02)*x(1); 

dx_dt(2)=k01*x(1)-(k10+k12+k13)*x(2)+k31*x(3); 

dx_dt(3)=k13*x(2)-k31*x(3); 

dx_dt(4)=k02*x(1)+k12*x(2)-k20*x(4); 

dx_dt = dx_dt'; 

return 

 

 
Fig. 1. Pharmacokinetics model for fluoxetine and norfluoxetine [1]. 

 

 
 

Fig. 2.Comparison between analytical expression of concentration of Xand numerical results for various values 

of parameters (a) 01K  and (b) 02k . The key to the graph: solid line represents analytical Eq. (5)and dotted line 

represent the numerical solution. 
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Fig. 3.(a)-(c)Comparison between analytical expression of concentration of Y  and numerical results for various 

values of (a) 10k (b) 12k and(c) 13k . The key to the graph: solid line represents analytical expressionEq. (6)and 

dotted line represent the numerical solution. 

 

 

Fig. 4.Comparison between analytical expression of concentration of Z  and numerical results for various 

values of 31k .  The key to the graph: solid line represents analytical expressionEq. (7) and dotted line represent 

the numerical solution. 
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Fig. 5.Comparison between analytical expression of concentration of W  and numerical results for various 

values of 20k . The key to the graph: solid line represents analytical expressionEq. (8)and dotted line represent 

the numerical solution.  

 

Table1: Comparison of analytical expression of concentration of species Y (Eq.(6))with numerical results for 

various values of parameter 10k and the other parametersare 4.2,2.2,3.3,3 13120201  kkkk  and

2.031 k . 

 

 
 

Table 2: Comparison ofanalytical expression of concentration of species (Eq.(6))with numerical results for 

various values of parameter 12k and the other parameters are 4.2,3,3 131001  kkk and 2.031 k . 
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Table 3: Comparison of analytical expression of concentration of species Y (Eq.(6)) with numerical results for 

various values of parameter 13k and the other parameters are 301 k , 310 k , 2.212 k and 2.031 k . 

 

 
 

Table 4: Comparison ofanalytical expression of concentration of species Z(Eq. (7))with numerical results for 

various values of parameter 31k and the other parameters are 4.2,2.2,3,3.3,3 1312100201  kkkkk  

and 6.020 k . 

 

 
 

Table 5: Comparison of analytical expression of concentration of species W (Eq.(8))with numerical results for 

various values of parameter 20k and the other parameters are 4.2,2.2,3,3.3,3 1312100201  kkkkk  

and 2.031 k . 
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