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I. INTRODUCTION AND PRELIMINARIES

In 1922, Banach [3] proved a theorem which is well known as "Banach's Fixed point theorem" to
establish the existence and uniqueness of fixed point of a contractive mapping in a complete metric space. This
principle is applicable to variety of subjects such as integral equations, differential equations, image processing
and many others. The study on the existence of fixed points of some mappings satisfying certain contractions
has many applications and has been the center of various research activities. In the past years, many authors
generalized Banach's fixed point theorems in various spaces such as Quasi-metric spaces, Fuzzy metric spaces,
Partial metrics paces and generalized metric spaces [2,6,14,15].

On the other hand, in 2008, Bashirov.A.E et al.[4] defined a new distance so called a multiplicative
distance by using the concepts of multiplicative absolute value. In 2012, Florack.L and Assen.H.V [7] had
shown the use of the concept of multiplicative calculus in biomedical image analysis. In 2012, Ozavsar.M and
Cevikel.A.C [17] investigated multiplicative metric spaces by remarking its topological properties, and
introduced concept of multiplicative contraction mapping and proved some fixed point theorems of
multiplicative contraction mappings of multiplicative metric space.

Recently He.X, Song.M and Chen.D [9] proved common fixed point theorems for four self mappings
in a multiplicative metric space. In 2016, Nisha Sharma, Kamal Kumar and Sharma.S [15] proved the common
fixed point theorem between the self mappings using a rational contractive condition.

Motivated by the above result, in this paper, we improve the result of [15], and prove common fixed
point theorem satisfying Geraghty type condition in a multiplicative metric space with rational inequalities. The

letter R denote the set of all positive real numbers.

Definition 1.1. (Bashirov. A. E., Kurpinar. E. M., Ozyapici. A [4]). Let X be a nonempty set. A
multiplicative metric is a mapping d : X x X — R™ satisfying the following conditions:

(i) d(x,y)=1forall X,ye X and d(x,y)=1,ifandonlyif x=1y.

(i) d(x,y)=d(y,x) forall Xx,ye X.

(iii) d(x,y) <d(x,z).d(z,y) forall X,y,ze X . (Multiplicative triangle inequality)

Also (X,d) is called a multiplicative metric space.
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Note that R™ is a multiplicative metric space with respect to the multiplication.
Example 1.2. (Ozavser. M., Cevikel. A. C.[17]). Let d":(R")"x(R")" — R" be defined as follows

d"(x,y):ﬁ 122 %ol
Yol | Yn
where X = (X, X, +%,), Y = (Y1, V»-¥y) €R* and || 1R > R" is
a if a>1
|a* =< 1 . Then ((R™)",d") is a multiplicative metric space.
— if a<l
a

Example 1.3. (Ozavser. M., Cevikel. A. C. [17]). Let a>1 be fixed real number. Then d, :R" —> R" is

n
w7

defined by d, (w,z)=a™ where W= (W, W,,..W.),z=(Z,,2,,...2,) €] ".
Obviously, (I ",da) is a multiplicative metric space. We can also extended multiplicative metric C" by the

following definition: d,(w,z) = a‘zllWl ! where W= (W, W,,..W,),z=(Z2,,2,,...2,) € C".

Definition 1.4. (Ozavser. M., Cevikel. A. C. [17]). (Multiplicative convergence). Let (X,d) be a
multiplicative metric space, {Xn} be a sequence in X and X €& X . If for every multiplicative open ball
B,(X)={y/d(x,y) <&}, &>1 there exists a natural number N such that for n> N, x, € B,_(X), the

sequence {Xn} is said to be multiplicative converging to X, denoted by X, — X (n—o0).

Definition 1.5. (Ozavser. M., Cevikel. A. C. [17]). Let (X,d) be a multiplicative metric space, {X,} be a
sequence in X . The sequence {Xn} is called a multiplicative Cauchy sequence if, for each & >1, there exists
N € N such that d(X,,X,) <&, forall myn>N .

Definition 1.6. (Ozavser. M., Cevikel. A. C. [17]). Let (X,d) be a multiplicative metric space. We call
(X,d) is complete if every multiplicative Cauchy sequence in X is multiplicative convergentto X € X .
Definition 1.7. (Ozavser. M., Cevikel. A. C. [17]). Let (X,d) be a multiplicative metric space. A mapping
f: X — X is called a multiplicative contraction if there exists a real constant A [0,1) such that

d(fx, fy) <d(x,y)" forall x,y e X .

Definition 1.8. (Ozavser. M., Cevikel. A. C. [17]). Let (X,d,) and (Y,d,) be two multiplicative metric
spaces and f:X —Y be a function. If for every &>1 , there exists O >1 such that
f (B;(x)) = B,(f (X)), then we call f multiplicative continuous at X € X .

Lemma 1.9. (Ozavser. M., Cevikel. A. C. [17]). Let (X,d) be a multiplicative metric space, {X,} be a
sequence in X and X € X . Then X, = X (N —o0) ifand only if d(X,,X) =1 (n— ).

Lemma 1.10. (Ozavser. M., Cevikel. A. C. [17]). Let (X,d) be a multiplicative metric space, {X,} be a
sequence in X . Then {Xn} isa multiplicative Cauchy sequence if and only if

d(x,,X,)—>1(mn—o0).

In 1973, Geraghty.M.A. [8] introduced an extension of the contraction in which the contraction constant was
replaced by a function having some specified properties. The following notation introduced by Geraghty
namely,

S={p:[0,0) >[0,)/ p(t,) >1=t —O0}
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Definition 1.11. (Geraghty.M.A. [8]). Let (X,d) be a metric space. Aself map f : X — X issaidto bea

Geraghty contraction if there exists e S such that d(f (x), f(y)) <A(d(x,y)).d(x,y) VxyeX.

Recently Nisha Sharma, Kamal Kumar and Sharma.S [15] proved the following theorem for two self
mappings with rational contraction condition to get the common fixed point between the self maps.

Theorem 1.12. (Nisha Sharma et al. [15] ). Let Sand T be mappings of a complete multiplicative metric
space (X,d) into itself satisfying the condition, S(X)c X, T(X)cX

d(x, SX)[d(y,Sx) +d(y, Ty)] d(y,Sx)d(x,Ty) +d(x, y)d(Sx, y)
1+d(Sx, Ty) ' d(Sx,Ty)+d(Sx, y)
d(x,Sx)d(y,Sx)+d(x, y)d(Sx,Ty) d(y,Ty)d(x,Ty)+d(x,Ty)d(y, Sx)}}i

d(y,Ty)+d(y,Sx) ’ d(y,Ty)+d(y,Sx)

1
forall X,y e X, where 4 < (0, E) .Then S and T have unique common fixed point.

d(Sx,Ty) <{ max {

1. MAIN RESULT
In this section we mainly improve and extend theorem 1.12. Incidentally, we simplify the proof of theorem 1.12.
We first give an alternate simple proof of Theorem1.12.

Theorem 2.1. Let S and T be mappings of a complete multiplicative metric space (X, d) into itself
satisfying the condition S(X)c X, T(X)c X (2.1.2)
d(x,Sx)[d(y,Sx) +d(y,Ty)] d(y,Sx)d(x,Ty)+d(x,y)d(Sx,y)
1+d(Sx,Ty) ’ d(Sx, Ty) +d(Sx, y)
d(x,Sx)d(y,Sx)+d(x, y)d(Sx,Ty) d(y,Ty)d(x,Ty)+d(x,Ty)d(y,Sx)}}l
d(y,Ty)+d(y, Sx) ’ d(y,Ty)+d(y, Sx)

1
(2.1.2) forall X,y € X ,where 4 € (O,E) .Then S and T have unique common fixed point.

d(Sx, Ty) <{max{

Proof: Let X, be an arbitrary pointin X , Since S(X) < X and T(X)< X.
we construct the sequence {X, }iN X, such that X,.; = SX,, and X,,,, =TX,,,, VN=0 (2.1.3)

Suppose SX =X, and Ty=y then From (2.1.2)
_ d(x,x)[d(y,x)+d(y, y)] d(y,x)d(x,y)+d(x,y)d(x,y)
d(Sx,Ty) =d(x, y) <{max{ 1rd(xy) , 0 y) 2 d(x ) ,
d(x,x)d(y,x)+d(x,y)d(x,y) d(y,y)d(x y)+d(x y)d(y, X)}}z
d(y,y)+d(y,x) ’ d(y,y)+d(y,x)

= {max{L d(x,y),d(x, y),d(x, y)}}*
~d(xy) <{d(x, y)¥ <d(x,y) acontradictionif X =y (-~ A € (0, %))
LX=Y
S SX=Ty.
Suppose SX =X put X =Y in (2.1.2). Then
d(Sx,Ty)=d(x,Tx) <
d(x,X)[d(x,x)+d(x,TX)] d(x,x)d(x,Tx)+d(x,x)d(x,X)

{max{ 1+d(x,TX) ’ d(x, TX)+d(x, X)
d(x, x)d(x,x)+d(x,x)d(x,Tx) d(x,Tx)d(x,Tx)+d(x,Tx)d(X, x)}}i
d(x, Tx)+d(x,X) ’ d(x, Tx) +d(x,X)

_______________________________________________________________________________________________________________________________________|]
| IMER | ISSN: 22496645 | WWW.ijmer.com | Vol. 8 | Iss. 3 | March 2018 | 22 |



Fixed Point theorems for multiplicative W - IB Geraghty Contractions.

={ max {1,1,1,d(x, TX)}}
S d(Sx, Ty) =d(x,TX) <{d (X, TX)}¥* <d(x,TX) a contradiction, if X # TX
S X=TX ie, y=Ty
Thus the fixed points sets of S and T are the same. Let X and y be common fixed points of S and T .
Then SX=X=TX and Sy =y =Ty = Sx=Ty. Therefore S and T have unique common fixed point.
Put y =SX in (2.1.2), Then

d(Sx, TSX) < {max{d (X, SX)[d (Sx,Sx)+d (Sx,TSx)] 1.d(x,TSx)+d(x,Sx).1

1+d(Sx, TSx) " d(Sx,TSx)+1
d(x, Sx).1+d(x,Sx)d (Sx,TSx) d(Sx,TSx)d(x,TSx)+d(x,TSx).]}}l
d(Sx,TSx) +1 ’ d(Sx,TSx) +1
_ d(x,TSx) +d (X, Sx) 2
={ max{d (x, Sx), 11 d(SKTSX) ,d(x,Sx),d (X, TSx)}}¥ (2.1.4)
" d(x,TSx)+d(x, Sx) _ d(x, Sx)[d (Sx,TSx) +1] _d(x,5x)
1+d(Sx,TSx) 1+d(Sx,TSx)

From (2.1.4) we have d(Sx,TSx) <{ max {d(x, Sx),d (x,TSX)}}

<{ max {d(x, Sx),d (x, Sx).d (Sx, TSX)}}
={d(x, Sx).d(Sx, TSX)}¥*
~{d (S, TS) ¥ <{d(x, SX)¥

A

5. d(Sx, TSx) <{d(x, SX)}+*

(2.1.5)
Again d(TSx, STSx) =d(STSx,TSx) =d(STy,Ty)
< {max {d (Ty, STy)[d(y,STy)+d(y,Ty)] , d(y,STy)d(Ty, Ty) +d(Ty, y)d(STy, y)
1+d(STy,Ty) d(STy,Ty) +d(STy,y)
d(Ty, STy)d(y,STy) +d(Ty, y)d(STy,Ty) | d(y, Ty)d(Ty,Ty)+d(T y,Ty)d(y,STy)}}l
d(y, Ty)+d(y,STy) d(y,Ty)+d(y,STy)
Now by the above inequality, (219
d(Ty, STy)ld(y, STy) +d(y, Ty)] _ d(Ty, ST)[d(y, 7). d(Ty, STY) +d(y. VI _ 4 1y 51y, (y. Ty)
1+d(STy,Ty) 1+d(STy,Ty)
d(y,STy)d(Ty,Ty) +d(Ty, y)d(STy,Ty)] _ d(y,Ty)d(Ty,STy).1+d(Ty, y)d(STy, Ty)]
d(STy, Ty) +d(STy,Ty) B d(STy,Ty) +d(STy,Ty)

IO T, STY) +d STy, YT _ 5 1
[d(STy,Ty)+d(STy, Ty)]
d(Ty, STy)d(y, STy) +d(Ty, y)d(STy, Ty)] _ d(Ty, STY)IA(y, STY)+d(MWY. )] _ 4 1y o7y
d(y,Ty)+d(y,STy) [d(y, Ty)+d(y,STy)
d(y, Ty)d(Ty,Ty) +d Ty, Ty)d(y,STy) _ d(y,Ty).1+1.d(y,STy) _
d(y,Ty)+d(y,STy) d(y,Ty)+d(y,STy)
Therefore From(2.1.6), d(STy,Ty) < { max{d(Ty, STy).d(y,Ty),d(y,Ty),d(Ty,STy),}}
ie., d(STy,Ty) <{d(Ty,STy).d(y,Ty)}

And

e, d(STy,Ty) <{d(y, Ty)¥* = {d(Ty, y)}*
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~.d(STSx, TSx) <{d(Ty, y)}%
={d(Tsx, SX)}%
={d (Sx,TSx)}i
=[{d(x, SX)}%]% (from(2.1.5))
={d (x,Sx)}ﬁ .
By induction d(x,,%;) <{d(x,, xo)}%

(%, %,) <{d (X, %)
<{d (% %)

T~

s{d(xl,xo}(HJ

For neN,

d (X X)) < A (X X)) 8 (X Xop) s d(X g Xok)
S{d(xl,xo)}(”} -{d(Xl,Xo)}(“) ............. {d(xi,xo)}(lﬂ)
={d (Xl, Xo)}hn+hn+1+ """""" i (Write _iﬂl = h)

:{d(xl,xo)}lt%h —1 asn,k >
Therefore {X,} is a Multiplicative Cauchy sequence in X .
Since X is a complete multiplicative metric space, there exists X e X such that X, — X as N— o0
Consequently, the subsequence {SX,.}, {TX,,,.} of {X,} also converge to the point X € X .
d (X, SX,, )[d (X7, SX,, ) +d (X, TX" )]
1+d(Sx,,,TX)
d (Xyy,» SXop ) (X, TX) +0 (Xy, X ) (SXy,, X )
d(SX,,, TX ) +d(SX,,, X))
d (X, SX,, )d (X7, SX,, ) +d (X,,, X )d(SX,,, TX" )
d(x’,TX)+d(x",Sx,,)
d (X", TX)d (X,,, TX) +d (X,,, TX )d (X, SX,,
d(x", TxX)+d(x",5x,,)

Now d(SX,,, TX) <{ max {

) }}/1

Suppose TX # X', On letting N —> o0
|
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Then
1+d(x, TX) d(x’,Tx)+1
1+d (X", TX) " d(X", TX)+1’
1+d(x,TX) d(x,TxX)d(x, TX)+d(x",Tx)

d(x",Tx") < {max{

A
d(x", Tx)+1’ d(x",Tx") 3
={ max {L,1,L,d(x", TxX)}}
SdC,TX) <{d(X, TX)Y <d (X, X)) acontradiction, if X™ = Tx

STIxE=x

Similarly we can show that d(SX™, X" ) <{d(Sx",x")¥ <d(Sx",x") acontradiction, if X" # SX"
S =X

- X isa common fixed point of S and T .

Therefore SX* =Tx* = X (2.1.7)

Uniqueness : Let X and y* be two common fixed points of S and T

Suppose X~ # Y~ we have
d(x’, SX)d(y", Sx) +d(y ., Ty)]
1+d(SX",Ty")
d(y", Sx)d (X, Ty +d(x", y)d(SX, y")
d(Sx’, Ty ) +d(Sx",y")
d(x,Sx)d(y",Sx)+d(x", y)d(Sx",Ty")
d(y’, Ty")+d(y",Sx)
d(y’, Ty)d(x', Ty)+d(x", Ty )d(y", Sx)
d(y’, Ty)+d(y",Sx)
o {d(x*,x*)[d(y*,{*)td(y*,y*)]
1+d(x,y)
d(y’, x)d(x",y)+d(x’, y)d(X,y)
d(x’,y)+d(x’,y") ’
d(X,x)d(y X)) +d (X, y)d (X', y)
d(y",y)+d(y",x) ’
d(y’,x’)d (Xi' Yi) +d (Xi, y:)d ', X*)}}z
d(y,y)+d(y.x)
<{max {Ld(x",y),d(x",y),dx,y)}
Sd(xCy) <L, Y)Y <d(X, YY) acontradiction
X =y

d(x’,y)=d(Sx,Ty") <{ max {

s

<{m

In the following we introduce multiplicative Geraghty function and the notion of multiplicative y — /3
Geraghty Contraction.

Definition 2.2. A function fS:(L,0) —>(0,1) is called multiplicative Geraghty function if
pt) 1=t —>lasn—>oo.

Example 2.3. Define S3:(1,00) — (0,1) by A(t) :%
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Notation:

Let W ={i :[1, ) —[1, ) /wisincreasing, cotinuous, y(t) =1iff t=1and y(t) <tif t>1}.
1

Example 2.4. Define y/(t) =t2 on [L,) then w e ¥ .

Definition 2.5. Suppose (X,d) is a multiplicative metric space, £ is a multiplicative Geraghty function,

weW. Suppose f:X — X issuch that w(d(fx, fy)) < B(M(X, y))w(M(X,Yy)), where M (X, Y)

is a function of X,y involving d. Then we say that f isa multiplicative y — 3 Geraghty Contraction.

Now we state and prove our main theorem.
Theorem 2.6. Let S and T be mappings of a complete multiplicative metric space (X,d) into itself

satisfying the condition S(X)c X, T(X)c X
wld(Sx, Ty)] < Bly (M (x, y)IwIM (x, )] (26.1)

where
M (X, y) :{max{d (X, SX)[d (y, Sx) +d (y,Ty)I d(y,Sx)d(x,Ty) +d(x, y)d(Sx,y)
! 1+d(Sx,Ty) ’ d(Sx, Ty) +d(Sx, y)
d(x,Sx)d(y,Sx)+d(x, y)d(Sx,Ty) d(y,Ty)d(x,Ty)+d(x,Ty)d(y,Sx)}},1
d(y,Ty)+d(y,Sx) ’ d(y,Ty)+d(y,Sx)

forall x,yeX , /16(0,%) , and  :[1,00) —[1,00) is a monotonic increasing function such that

(2.6.2)

wt)=1liff t=1and w(t)<t, Vt>1land S:(L)—(0,1),6(t,)—>1=t —1 Then S and T
have unique common fixed point.
Proof: Suppose SX=X.Put X =Y in(2.6.1). Then

t/;[d (X, TX)]=w[d(Sx, TX)] < Bl (M (X, X)) IM (x, X)] (2.6.3)
wnere
M (X, X) = {max{d (x, x)[d(x, x) +d(x,Tx)] | d(x, x)d(x,Tx) +d(x, x)d(x, X)
1+d(x,Tx) d(x,TX)+d(x,Xx)
d(x, x)d(x,x)+d(x,x)d(x,Tx) d(x,Tx)d(x,Tx)+d(x,Tx)d(x, x)}},l
d(x, Tx)+d(x,x) ' d(x,Tx)+d (X, X)
={max {L,1,1d (x, TX}Y
={d(x, )}
From (2.6.3), y/[d (x, TX)] < Al (M (x, X))]w[{d (x, TX)"]
<y[{d(x, TX)}]

Since y is monotonically increasing, d (X, TX) <{d(x,TX)}* <d(x,Tx) acontradiction if X # TX
. X=TX . Therefore X isa fixed pointof T .
Similarly we can show that Ty =y = Sy =Y.

Thus S and T have the same fixed point sets.
Suppose Yy = Sx

From (2.6.1), w[d(Sx,Ty)]=w[d(Sx,TSX)] < Bl (M (X, SX))]w[M (X, SX)] (2.6.4)

_______________________________________________________________________________________________________________________________________|]
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where
M (x, SX) :{max{d(x’ SX)[d(Sx, Sx) + d (Sx,TSx)] d(Sx,Sx)d(x,TSx)+d(x, Sx)d (Sx, Sx)
’ 1+d(Sx, TSx) ’ d (Sx, TSX) +d(Sx, X)
d(x, Sx)d (Sx, Sx) +d(x, Sx)d (Sx, STx) d(Sx,TSx).d(x, TSx) +d(x,TSx)d (Sx, Sx)}},1
d (Sx, TSx) + d (Sx, SX) ’ d (Sx, TSx) +d (Sx, SX)

1 max d(x,TSx) +d(x, Sx)] 3
={ max {d(x, Sx), 11 d(SKTSX) ,d(x,Sx),d (X, TSX)}}

d(x,TSx) +d(x, Sx) < d(x, Sx).d(Sx, TSx) +d(x,Sx) _ d(x,Sx)[d(Sx,TSx) +1]
1+d(Sx,TSx) 1+d(Sx,TSx) B 1+d(Sx,TSx)

Now

=d (X, Sx)

- M (X, Sx) <{ max {d(x, Sx),d (x, TSX)}}
.M (x, Sx) ={ max {d (X, Sx),d(x, SX).d (Sx, TSX)}¥* ={d(x, Sx).d (Sx, TSX)}
From (2.6.4), w[d(Sx,TSX)] < Sl (M (X, SX))].w[M (x, Sx)]
< By (M (X, SX)]w[{d (x, Sx).d (Sx, TSX)¥'] (2.6.5)
Again suppose X =Ty . Then we have

wld (TS, STSX)] =wld (Ty, STY)] =wld(STy, TY)I < Bly (M (TY, y)1wIM(Ty. y)]  (2.6.6)
Where

M (Ty, y) = {max{0(1Y: STOIAQY, STy) +d(y,Ty)] d(y,STy)d(Ty,Ty) +d (T, y)d(STy. y)
1+d(STy,Ty) d(STy,Ty)+d(STy,y)
d(Ty,STy)d(y,STy) +d(Ty, y)d(STy,Ty) | d(y,Ty)d(Ty,Ty)+d(Ty,Ty)d(y, STy)}}A
d(y,Ty)+d(y,STy) d(y,Ty)+d(y,STy)
Now 3, STY)IA(y, STy) +d(y, Ty)] _ d(Ty, STy)[d(y,Ty).d(Ty, STy) +d(y, Ty)]
1+d(STy,Ty) 1+d(STy,Ty)

d(Ty, STy).d(y, Ty)[d (STy,Ty)+1]
= 1 d(STy.Ty) =d(Ty,STy).d(y,Ty)

d(y,STy)d(Ty,Ty) +d(Ty, y)d(STy,y) _ d(y.Ty).d(Ty,STy)d(Ty,Ty) +d(Ty, y)d(STy, y)

d(STy,Ty) +d(STy, y) B d(STy,Ty) +d(STy, y)

_ 40, STY) +d(y, STy _ o 1y
d(Ty,STy)+d(y,STy)
d(Ty, STy)d(y, STy) +d(Ty, y)d(STy, Ty) _ d(Ty,STy)ld(y,STY) +d(@.y) _ 7y 51y
d(y, Ty)+d(y,STy) d(y,Ty)+d(y,STy)

d(y, Ty)d(Ty,Ty) +d(Ty, Ty)d(y,STy) _d(y.Ty).1+1.d(y,STy) _,

d(y,Ty)+d(y,STy) d(y,Ty)+d(y,STy)
- M(Ty, y) ={ max {d(Ty, STy).d(y, Ty),d(y,Ty), d(Ty, STy)}}* ={d(Ty, STy).d(y, Ty)}"

from  (26.6),  w[d(STy,Ty)]l=w[d(STSX, TSX)] < Slw (M (Ty, y)1.wI{d(Ty, y).d(STy, Ty)¥']
(2.6.7)

Let X, € X, X, =SX,, X, =TX_ and ingeneral SX,, =X,,; and TX,,,; =X,
Put X=X, in (2.6.5). Then

wd(SXy, TSX,)] < Blw (M (X;, S%)) 1w [M (%5, S%,)]

vn>0.
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e, yId (%, %,)1< Bly (M (%, x))l{d (%, %)-d (%, %,)}]

pLd (%, %) < By (M (4, %)) I{d (%5, %,)-d (%, %,)}]

Put Yy = SX, = X, . Then from (2.6.7) we get

wld (%, %,) < By (M (%, )]yH{d (%, %,).d (%, %)} ]

By induction, /A (X,.5,X,.1) < AW (M (%00 X DLW (X, 30X, (%, %, ¥ 269)
<YHAd (Xyy00 %0,2)-d (%10, %,)¥ ]

Suppose A (X3, %) <d(X,,) X,,1)
Then

A%z %00)) <Y (X5 %00) Y ]
=y (A (%2 %)}

Since ¥ 1S monotonically increasing,
d (Xn+2’ Xn+l) <d (Xn+2’ n+1)2)b <d (Xn+2’ Xn+1)' acontradiction.

d(xn+2’ n+1)<d(xn+1’ n)u

Therefore (2.6.9)
andhonge. 402 %) <0060, %,)

Now we show that d(X,.,, X,,) is strictly decreasing sequence.

Suppose d(X,,,, X,) isdecreasingto I >1.

Then, on letting N —> oo, from (2.6.9) we get I < r
Sr=1
Now we show that {X,} is a multiplicative Cauchy sequence.
Write d(X,,,X,) =t,.
FornmeN,n<m
d (X, X)) S A(X 0 %01 ) -0 (Xoigs Xpyn)eeeerereeens d (X, 10 Xs)
=ttt t,,

n*n+1"-n+2

<t,.(t, )“ (t, )u2 ............. (t, )2

_ (tn )[1+s+sz+ ............. +sm (Write 5= 21)
<(t,)rs —>1 (sincet, —>lasn — coand %<1)
S

d(x

Since X is a complete multiplicative metric space , there exists a point X" e X, such that X, —> X". More

1 X,) =1 (as mn—o). Therefore{X } isamultiplicative Cauchy sequence in X .
over the sub sequences {X,,.,} and {X,,,,} also convergeto X .

Now we show that SX = X .

Now l/j[d (SX*1 X2n+2)] = W[d (SX*1TX2n+1)] < ﬁ[l//(M (X*’ X2n+1)]'l//[M (X*’ X2n+1)])' (2-6-10)
Where

M (X*! X2n+l) :{maX{

d (X*! SX*)[d (X2n+l7 SX*) + d (X2n+1’TX2n+l)]
1+d(SX",TX,,.,) ’
d( 2n+l’SX )d(X TX2n+1)+d(X X2n+l)d(sx X2n+1)
d(SX", TX,,.,) +d(SX 7, Xyp,5)

2N+

_______________________________________________________________________________________________________________________________________|]
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00, 5X ) (g0 SX) + AKX A (K, )
d (X110 Txgpg) +d (X1, SX)
d (Xm0 o) (X, TXp,.0) +0 (X*’TX2n+i)d (Xoneas SX*)}}a
d (Xapi TXoni1) +d (X500, SX)

We observe that
A%, SO0 )+ (s T )] O SOMAK, S +d (¢, x)]

1+d(SX, TX,,,,) 1+d(Sx, X))

as N —> o =d(Sx’,x").

d(Xy,q, SX)A (X, Ty, 0) +d (X, Xy, ) (SX, X0, R d(x7,Sx)d(x",x)+d(x",x)d(Sx",x")
d(SX',TX,,,,) +d(SX, X,,.,) d(Sx",x")+d(Sx",x")

as N —oo =1

0%, SX)d (K0, SK ) + (X %5, ) (X, T,,.)

( -
d (Xpnas TXonea) + 0 (Xppags SX)

d(x*,SX*)d(X:,Si(*)+d(i(*,X:)d (x',Sx) as n— oo
d(x", X)) +d(x",Sx")

=d(Sx’,x)).
d (Xop.1: TXpp.4)d (X*’Tx2n+l) +d (X*’TX2n+1)d (Xonuas SX) -
d(Xy0: T¥opg) +0 (X504, SX)
d(x", x)d(x", x)+d(x", x)d(x", Sx") as n— o

d(x,x)+d(x,Sx")
=1
S M(XT Xyp,,) = max {d(SX7, X7),4,d(SX7, X ), }={d(SX", X))} as n—> o
write t, =y (M (X, X,,.,)). Then
Case (i): A(t,) >1.Thent —1 (by the property of )
=y (M(X", Xy,1)) > 1.
On letting N — o0, from(2.6.10) we get)
w{d(Sx", x")}< 1.
Therefore w(d(Sx", x*)) =1.
Therefore d(Sx", x") =1.
Therefore Sx* = x
i.e., X" isa fixed point of S .
Case (i) : Suppose S(t,) does not converge to 1.

Then we may suppose without loss of generality, that there exists & <1 such that ﬂ(tn) <a<lvn.
From (2.6.10), we have
yAd (X, %,0)} < B(E)(L,)
<a.(t,))
On letting N — o0, we get
w(d(SX, X)) <aw(d(SX,x)*) <w(d(SX",x)*) <w(d(SX", X)), acontradiction.
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Hence Case (ii) does not arise. Therefore S(t,) —1.

Therefore by case( i), SX =X
Therefore X is a fixed point of S and hence is a fixed point of T .
Uniqueness: Let X" and Y~ be two common fixed points of S and T .

We prove that X = y*.

Now, M (x",y") ={ max{

d(x’, SX)[d(y",Sx) +d(y", Ty)]
1+d(SX",Ty")
d(y",Sx)d(x", Ty ) +d(x", y)d(Sx",y)
d(SX", Ty) +d(Sx", y")
d(x’,Sx)d(y",Sx)+d(x,y)d(Sx',Ty")
d(y’,Ty") +d(y",Sx)
d(y, TXO)d(x, Ty)+d (X", Ty)d(y", SX)
d(y’, Ty")+d(y",Sx)
={max {Ld(x",y),d(x,y),d(x,y)}}¥
={d(x", y)¥

s

yld (YOI Ay (M (X, y )M (X, y )l

=y (M (X, y)]wld(X',y)']

pld O, Yy <pld(xX, y)'], it X =y
Since y is monotonically increasing, d (X ,y ) <d(x",y")", a contradiction if X # Y.
Thereforex =y"

.S and T have unique common fixed point X .
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